EQUIVARIANT JEFFREY-KIRWAN LOCALIZATION THEOREM IN 

NON-COMPACT SETTING 



ZSOLT SZILAGYI 



Abstract. We generalize the Jeffrey-Kirwan localization theorem ([JKl], [JK2]) for non- 
compact symplcctic and hyperKahlcr quotients. Similarly to the circle compact integration 
of [HP2] wG define equivariant integrals on non-compact manifolds using the Atiyah-Bott- 
Bcrlinc-Vergne localization formula as formal definition. We introduce a so called equivariant 
Jeffrey-Kirwan residue and we show that it shares similar properties as the usual one. Our 
localization formula has the same structure as the usual Jeffrey-Kirwan formula, but it uses 
formal integration and equivariant residue. We also give a version for hyperKahler quotients. 
Finally, we apply our formula to compute the equivariant cohomology ring of Hilbert scheme 
of points on the plane constructed as a hyperKahler quotient [Na] . 



1. Introduction 

Let (Af, a;) be a non-compact symplcctic manifold with Hamiltonian G x S-action and let 
fJ-Gxs ■ M — > g* X s* be its moment map. We assume that there is an one-dimensional torus 
K in the center of G x S* such that it has proper and bounded below moment map. We define 
integrals of equivariant cohomology classes of M by the Atiyah-Bott-Berline-Vergne formula 
([AB], [BeV]), assuming that Al'^^^' is compact 



a 

M 



E 



F erxsJ^iF I M) 



where a G Hgxs{M), T C G maximal torus and Af{F\M) normal bundle of F in AI. Let 
e (s*)*^ be a regular value of /ig and consider the symplcctic quotient M//G = iJ.^^{0)/G (we 
suppose that it is non-compact). In Theorem 13 we give the following formula for integrals on 
the quotient 

^5(ae-^'=x-) ^ lim EqRes, ( TTTTT^jjTf, / ae'^-'^-^'+^A (x), 
M//G \\W\vol{T) J 

where ks : Hgxs{M) — >■ Hs{AI//G) is the equivariant Kirwan map, w is the product of roots of 
G, \W\ is the order of its Weyl group, p is a smaU regular value of the torus moment map 
(we can forget about it if is a regular value of ^t), and the equivariant Jeffrey-Kirwan residue 
EqRes^ is defined in section 2.2. For hyperKahler quotient we have a similar formula (Theorem 
14) 

/ Ks(ae'"«-^«-^^+') = limEqRcs, ( , ^^^^^ / ae"«~^« -^^+«+^''^ (x). 
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where ks '■ HoxsiM) — >■ Hs{M //// (^^ ^-^G) is the Kirwan map, and /iR are the real symplcctic 
form and the moment map on M, dwc is the product of T x .S-weights on (it is assumed that 
(tp)"^ = {0}), and tur is the product of roots. 

The content of the paper is as fohows. In the first part of section 2 we define and review 
properties of the Jeffrey-Kirwan residue. In the second part of the section we introduce the 
equivariant Jeffrey-Kirwan residue and we show that it has the same properties as the usual one. 
In section 3 we review in detail the symplectic cut technique which will be used in the subsequent 
section. In section 4 we first prove a generalization of the Jeffrey-Kirwan localization formula 
(Theorem 11) using similar techniques as in [JKo]. We use it to prove the non-compact version 
(Theorem 12 and 13). Moreover, we prove first the abelian version of the theorem and then by 
the same method of [Ma2] we deduce the non-abelian version. We conclude the section with 
the discussion of the hyperKahler case (Theorem 14). In the last section we apply our formulas 
for computation of the equivariant cohomology ring of Hilbert scheme of points on the plane 
(Theorem 16), constructed as hyerpKahler quotient [Na]. By equivariant formality the ordinary 
cohomology may be derived (cf. [LS], [Va]). 

Acknowledgement. The author is grateful to Andras Szenes and Michele Vergne for discus- 
sions. 

2. Iterated residues 

In this section we recall the definition of the Jeffrey-Kirwan residue ([JKl], [JK2]) and some of 
its properties (cf. [BiV], [JKo]). We prove that under some analyticity condition it is independent 
on choice of bases and polarization. In the second part of the section we introduce an equivariant 
version of the Jeffrey-Kirwan residue. It is defined in terms of ordinary Jeffrey-Kirwan residue 
and we prove that it admits similar properties. 

2.1. Jeffrey-Kirwan residue. Let t be an r-dimensional real vector space. 

Definition. Let x = {xi, . . . , x^} be an ordered bases of i*. For any non-zero a = X]i=i o-i^i G 
we define its polarization as 




a if ai = . . . = ak-i = 0, Ofe > 0, 
—a if oi = . . . = ak-i = 0, Ofc < 0. 



We say that a is polarized with respect to a; if a = a. We define e{a) G {±1} by a = e{a) ■ a. 
The set of polarized vectors in I* form a cone, which we call the polarized cone of t*. 

The relationship between our notion of polarization and the one used by Jeffrey and Kirwan 
is as follows. 

Remark 1 . Let ^ = [a^ | i G I] be a finite collection of non-zero vectors in t* . All possible 
simultaneous polarizations of elements of A are parametrized by connected components A of 
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{t et\ ai{t) 7^ 0, Vi e /} as follows. For any £, e A define 

at if ai{^) > 0, 
-ai if ai{^) < 0, 

which does not depend on the choice of ^. Consider an ordered bases x = {xi, . . . , Xr} of t* such 
that a;i(^) = 1, X2{S,) ~ ... ~ Xr{^) = 0. The polarization 5^ of ai with respect to x agrees 
with ai. Conversely, given x ordered bases consider A = {i G t\ai{t) > 0, Vi G /}, which is 
non-empty and a, agrees with cti for alH e /. 

Let \i,ai e i*. {i e I), Pi e Si* = M[t] and consider the function F = jf^^-^- Write F in 
bases x and denote it by F{x). 

Definition. For . . . , € t* non-zero vectors we define 

(1) R-eSj.^1^^ . . . Res^j|^jF(a;)da;i . . . dxk 

inductively as follows. If /3i ^ {x2, ■ ■ ■ , Xr) then from ui = I3i{x) we express xi in terms of 
1*1, X2, . . . , i.e. xi = P[{ui^ X2t ■ ■ ■ , Xr). Wc Substitute xi = f3'i in F(x) and we expand it 
as ui <^ X2, ■ . ■ ^Xr- Denote the result by J-{ui,X2, . ■ . ,Xr). For i > 1 let /3'^ — 7r^^j^/3i be the 
projection of /3j to {x2, . . . ,Xr) along (3i, i.e. /3-(a;2, . . .,Xr) = /3j(/3i(0, X2,. ■ . ,Xr),X2, ■ . ■ ,Xr). 
Then (1) is defined as 

fdpi(x) \ 

\~dx — j "^^'^^'^l^'fe ■ • ■R'CS^2|/Ji,R'eSui=o-^(ui,a;2,- ■ .,Xr)duidX2 ■ ..dxr. 
If /?! e (.T2, . . . , Xr) then we set (1) to zero. 
If 

(2) 7r(^j_...^^^_j)/3i e (a;i,...,Xr) \ Vi = l,...,fc 
then the system of equations 

(3) ui=/3i{x), U2='n(p^)l32{x), Ufc = 7r(^^_..._^^_j)/3fc(a;) 
can be expressed in matrix form 

(4) {ui,...,UkY =B-{xx,...,Xrf 

where B e Mk^r(J^) is upper triangular matrix with positive diagonal entries and we have 

Pi{x)e^''-'^'> 

(5) Res^.^!^^ . . .ReS:ri|/3i Yf 7—rdxi . ..dxk = 

Hie/ '^i\X) 

-r • Res„^=o • . .Res„i=o TT^ dui . ..duk, 

where 5 is the product of diagonal entries in i?. A! is the collection of all non-zero T^{i3-i^,...^p^)ai € 
{xk+i, ■ . ■ , Xr) , (i G /), •■'^Hf.^^fc+iv-^^fc) jg ^Yie Laurent series in ui,...,Uk with coefficients in 

M[[a;fc-fi, . . . ,Xr]] got from ^ -^^t^) after base change (4) and expansion as ui ^ . . . <C Ufc <C 

1 lie/ 

Xfc+i, . . . ,Xr. If /?!,..., /3fe does not satisfy (2) then (1) is zero. 
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Remark. For . . . , /3fe and 71, . . . , 7^ satisfying (2) wc have 

if and only if tt^^^ — Ci ■ tt^^^. ,^. ^^7^ for some constants q £ M*, i = 1, . . . , fc. In this 

case we say that tuples . . . , /J^ and 71, . . . , 7^ are equivalent. 

Remark 2. Res^j.|^^ . . . Res^^i^^ n^^^a^C^) '^^^ ' ' ' ^^'^ ^^■^ ^'^'^^ there are ii, . . . ,ik G 

/ such that ttij , . . . , Q!ij. and . . . , /3fc are equivalent. If they are equivalent we may suppose 
that /3i — for all / = 1, . . . , fc. 

Definition. We define Res^^j^^ . . . Res^^|^^ ^^^'^a'(x) ^-^i ■ ■ ■'^^^ equal to (5) if (2) holds 

and . . . , (Aj)fc > 0, otherwise it is defined to be zero. Moreover, define 

Res+ . . . Res+ -pf r^dxi . . . dxfe = V Rcs+ , ... Res+ , . i—rdxi ...dxk, 

where the sum is all over non-equivalent tuples OLi^ , . . • , OLi^ , ii, . . . ,ik & I- We use short notation 
Res^ for Res^^ . . . Res^^ . 

Definition. Fix a scalar product and an orientation of t*. Let a; = {xi, . . . ,Xr} be an ordered 
bases of t* . Define 

JKReSxF{x)dx = Res^F{x)dx, 
^Jdet{xi,Xj)ij 

where Aet{xi,Xj)i_j is the determinant of the Gramm matrix [{xi^Xj)Yi ^^i- 

Remark 3. If r = {ri, . . . , r^} is an orthonormal bases with the same orientation as then 

Definition, p e t* is generic with respect to _F = Yl"^ 'a '^'^^ "-"^ ^^^^ ^ '^^ ^'^^^ 

dimensional affine subspace A/ + {aj & J C I). It is equivalent to is generic with respect to 
Fe-P. 

Definition. A bases x = {xi, . . . ,Xr} of t* is generic with respect to F = J2i yi''^ l- if foi' 
any A/ ^ (a,i , . . . , a^j,), {ii,...,ik € /) we have A/ ^ {ai^, . . . ,ai^,Xj^^-^, . . . ,Xj^_^) for any 

jk+l, ■ ■ ■ , jr-l- 

Remark. Let x is generic with respect to i^. If A/ + (a^ ^ , . . . , ) H {xj-^ , . . . Xj^) 7^ then they 
intersect transversally. 

Remark. If , . . . , cxi^. satisfy (2) and x is generic then 

(6) A/ + (ail, . . . ,aij n (xfe+2, • ■ • ,a;r) ^ ^ e A/ + (a^i , . . . , a^^) <^ TT{a,^,...,aijh ^ 0- 
In addition, if G t* is generic, then 

A/ = i^'l)l<^ii + • • • + (A/)a; T^{ai^,...,a,^_^)aik + '^{a,^,...,ai^) 

with (A',)i,...,(A^)fe^O. 
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Definition. A fraction ^'"^ ^ is called generating if ai, i & I span t*. 

Any fraction y-T^'^ ' can be decomposed to sum of generating fractions of form „ i f ' „ , ^ , 

ii, . . . , V G Ii > and non-generating fractions. The decomposition is not unique. 

Moreover, Res^; and Res^ vanish on non-generating fractions. 



Proposition 1 ([JK2] Proposition 3.2). Let x ~ {xi, . . . , x^} he an ordered bases. Let ai, . . . , 
be linearly independent. Suppose that A not in any (r — 1)- or less dimensional subspace spanned 
by some of ai 's. Write X ~ Ai3i + . . . + A^Sr cind on = a.nxi + . . . airXr, i ^ 1, . . . , r. Then 

1 A £(«0"'+HA.)"' 



(7) Res+ . . . Res+ ^tF 



nUa,(x)".+i 



t n 

dx = < |det([ay])| m 




Ai,...,A,. > 
otherwise 



Proof. It is enough to prove the proposition for polarized a^'s, i.e. s{ai) = 1. First we prove it 
for ni = . . . = Hr = from which we will deduce the general case. We proceed by induction on 
r. For r = 1 the statement is obvious. For a G Sn, = j if • ■ • ,ctcr{r) satisfy (2) then 

we compute 



(8) Res"*" I ... Res"^ , Res"*" , r^dx 

f dajjx) 
V clxi 



Res^ 



. Res^ I Resj' _n 



duidx2 ■ . ■ dXr 



t^Q^j (^) \ vrn +oo~i(A',) Res"'' I ...Res"*", —dx2...dxr, 

inhere wi = aj{x), X[o.-foo) is the characteristic function of [0,+(X)) and Cji G M such that 



iUj + 7r^Q,^^Q:i. By induction, 



Res 



+ 



(9) ResI^ . . . Resjr, r^dx — "S^ "S^ Rcs^ , ... Res"'" , ii,^,^ , ==^ ^ 



da; 



)ai(x) 



(iX2 . . . dXr 



1 



[ dxi 



1^1 



Xcone(7r77Tai I l<i<r)i^ (aj) ^) 



det 



1 

I E n ^('^("j> "0 Xcone(a, , TrT:;;;^. | l<^<r} W 



dxi i=i 



We will show that 



(10) 



XCo«e(ai,...a,)(A) - E IT ^(^<"j > ^Cone(Qj , tt^^^, | l<i<r)(''^)- 
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It is enough to show (10) when ai{x) ~ x\ + I3i{x), 1 < i < q-, ai{x) = I3i{x), q < i < r with 
/3i G {x2, ■ ■ ■ , Xr) and f3i — f3j — Pi — (ij if j < i < q- Then (10) can be reformulated as 

<? 

^^^^ XCone(Qi,...,Q,)(A) = ^(-1) ^Cone{a,,pP^i,lli \ i,j<q,q<l)^'^'^- 

J = l 

For any j < q we have 

9 

A = Aiai + . . . + Kar = {Xi + . . . + Xr)a^ + ^ A,(/3, - Pj) + ^ A,/?, 

= (Ai + ... + A,)a,+^(-A,)(/37^,)+ ^ A,(/37^,) + ^AiA. 

i<j j<i<q i>q 

By hypothesis is generic for jp^— hence Ai, . . . , A^ 7^ 0. We have 

XCone{ai,...,ar){^) ~ X(R>o)'' (-^1 ' ■ • ■ ' ^r) , 
^Cone{a,,l3j^„l3i\t<q,q<l)^'^^ X{se(R-)'-| T.Ul ^^>0, s^<0, si>0,i<3<l}i>'l, ■ ■ • ) V)- 

Then (11) is equivalent to the following easy relation on {M.*Y 

X{s6(R*)'- I si,...,s^>0} = X{se(R*)'- I X;?=i S!>0, si,...,Sr>0} 

= X{se(R*)'- 1 ^21=1 Si>o^ s2,...,sr>o} - XiselR*)-- 1 s«>o, si<o, s3,...,s^>o} 

+ X{se(K')'-| i:?=lSi>0, Sl,S2<0, S4,...,Sr>0} 

■ • ■ + (^1)'' "^X{se(R*)'- I J2Ui S'>0. si,...,s,_i<0, Sg+i,...,s^>0}- 

Thus we proved (7) for ni = . . . = 7i,. = 0. To deduce the general case we set yi = txi, {t > 0) 
and set Tini,...,n^ to the left hand side of (7). Then for A = ^''^j '^^ have 

Res+ . . . Res+ = -——-dx = t"i+ - +"'-Res,+ . . . Res+ = — ^—^dy 

_ j-ni + .-.+n^T-) 

Take the derivative of both sides with respect to t at t = 1 to get 

r 

(12) ^ ^ X{7^ji^ ,...,ni_i, rif — 1, 7ii^i,. ..^rir- — {tLi -\- . . . -\- Tlj-^T^ji^ ,....nj. ■ 

i=l 

From (12) follows (7) by induction on tii + . . . + n^. □ 

The following cone property will be used extensively through the paper. 
Corollary 1 ([JK2] Proposition 3.2). Let x be an ordered bases. If Xj ^ Cone{ai | i £ /) then 



,Pj(x)e^'^^^ Pi(x)e^'^^^ 
(13) ReslTrpf —^dx — and ^KRcs^^ -j-^dx = 0. 

Proof. We can decompose j-j^^^q.^j^^;) to sum of generating and non-generating fractions. On non- 
generating fractions Resjr vanishes. Moreover, the generating fractions are of form ] . 

b^^a; ^ It. t. llfc = l "ifc (a;) 

Since Cone{ai-^ , ■ ■ ■ , ctir) C Cone{ai | i £ /) for alHi, . . . , v G I, hence from Proposition 1 follows 
(13). □ 
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Proposition 2 (cf. [JKo] Lemma 3.3). Let F = J2i jj'"^ a ^'^'^ suppose that G t* is generic 
with respect to F. If F{x) is analytic then 3KReSxF(x)dx is independent of x. 

Proof. By the previous proposition the iY^YlcBxF {x)dx may only depend on polarizations. Let 
A = ^i{ai I i G /}. Polarizations on A eorrespond to connected components of {t G t | a{t) ^ 
0, Va € A\. These components arc open polyhedral cones. Let A and A' be two neighboring 
cones, separated by a hyperplane {t € t | a{t) = 0} for some a ^ A. Let ^ 7^ be in the relative 
interior of intersection of closures cl{h) n c/(A'). 

Choose an ordered bases {xi, . . . , x^} of t* such that a;i(^) = 1, X2(0 = • ■ • = Xr-i{C) = and 
Xr = ct. Since is generic for we can choose ^ and x such that x to be generic with respect to 
F. Suppose that a is polarized with respect to A, hence the ordered bases {xi, . . . induces 
on A the same polarization as A. Also consider the ordered bases \x'y^ . . . , x^} such that x'^ ~ Xi 
for i < r and x'^ = — x^. It induces on A the same polarization as A'. 

Let , . . . , satisfying (2). From (5) we have 
(14) 



Rest ,„ . . . Res+ ^r^^^dx = S'^ ■ Res+ . . . Res+ ^-F,(^)eS-i(^^)'="'=d^., 



where S 



det (—^rf^^ I = jdet (^—^7-^) , and Fi{u) is the Laurent series got from j-^ ^' ^^^^ 
by change of variable (4) and expansion with respect to ui <C U2 ^ ... "C u,.. Since and 
bases x are generic with respect to F, we have {\'i)k 7^ for all fc = 1, . . . ,r and /. Moreover, 
J^{u) := J"/(u)e2^fc=i^^^)''"'= is analytic, hence Res^^^g J"(u)dwr = — Res^^^Qj^(w)dur. With 
notation u[ ~ Ui for i < r and = — u^, (14) is equal to 

Res^ I ... Res"*" , F(x)dx 

= ■ Res^^_^^Q . . . Res^^^gRes^^^gJ^(u)o?Mr(iMi . . . dur~\ 
= (5^^ • Res,^ _^^g . . . Res^^^QRes,^^^g — T(u)durdu\ . . . du^-x 
= ■ Res~^^QRes„^_^^g . . . Res^^^Qj^(u)(iui . . . dur-id{—Ur) 
= 5^^ ■ Res^, ^gResJ . . . Res^^,^^i^J^{u')du[ . . . du'^ 

= Res+| Res+ , ...Res+| F(x')dx' 

and summing up wc get 

Res+ . . .Res+ F(a-)dx - ' ■ 

= El^°<|a., Res+ • --^^'M^/Wx' = Res+ . . .Res+ ^^(x')dx'. 
The bases x and x' have the same Gramm matrix det[(a;i, Xj)]^^^]^ = det[(.T^, .t^)]^^^^^, thus 

JKRcs^F(x)da; = JKRcs^'i^(x')da;'. 

□ 

Look back what we have showed so far. If is a generic for F = ^ then by Proposition 

1 the JKRes^_F'(2;)(ix depends only on the polarization induced by x on U/{Q!i | i G /}, not on 
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the particular bases. We emphasis that x may be non-generic. From the same proposition it also 
follows that JKKcSxF {x)e'''-^^ dx depends continuously on small p. If in addition F is analytic 
then 3KRcSxF{x)dx docs not depend at all on the bases x. 

In examples we are interested may arise functions F for which is not generic. The same 
result will hold if x is a generic bases and F has some additional properties (i.e. it comes from 
equivariant integration on a compact symplectic manifold or orbifold). 

Lemma 1. Let be generic for F = j-^^ a - ■ V F{x) is analytic and is not contained in 
the convex hull conv{Xi \ I) then for all ordered bases x we have 

(15) Res+F(x)dT = 0. 

Proof. By Proposition 2, it is enough to show (15) for a particular ordered bases x. Since 
^ conv{Xi \I), there is hyperplane H containing the set conv{\i \ I) in one of its open half 
spaces. Choose the ordered bases x = {xi, . . . , Xr} such that % = {x2, . . . , .t, ) and conv{\i \ I) C 
"^fc^^fc I oi < 0}. But all polarized vectors lie in {Y^]^=iO'kXk\0'i > 0}, therefore from 
Corollary 1 follows (15). □ 

Lemma 2. Let x = {xi, . . . , x^} be an ordered bases and let ai, . . . , a/c satisfying (2). For i < k 
define Vi to be the projection of Xi to (ai , . . . ,ak) along {xk+i , . . . , a;,-) and for i > k let Vi = Xi. 
Write F{x) in bases v = {vi, . . . ,Vr} and denote it by F{v). Then 

(16) Res"'' I ...Res'*' I F(x)dxi . . . dxk = Res'^ , . . . Res'*" , F(v)dvi . . .dvk- 

Proof. We emphasis that T^{ai,...,ai_i)<^iix) denotes the projection of ai to {xi, . . . ,Xr) along 
(ai, . . . , ai^i) and similarly, T^{ai,...,ai^i)Oii(s') denotes the projection of a/ to (w/, . . . , Vr) along 
(ai, . . . ,az_i). We have 7r(„j^...^„,_i>Q!;(a;) € {ai, . . . ,ai) Ci {xi, . . . ,Xr) and 7r(„i,...,a,_i)"i(''^) G 
(ai, . . . ,a/) n (w/, . . . ,Wr), but 

(17) {xi,...,Xr) = {vi,...,Vr). 

Therefore 

7I"(Qi,...,Q,_i>ai(x) = TJ:{ai,...,ai_i)Ctl{v), 

because they are the projection of ai-i along (ai, . . . to (17). Consider the systems of 

equations 

Ul=ai(x), Uk = ni^ai,...,ak-i)'^k{x), Uk+1 = Xk+1, Ur = Xr 

and 

Ul=ai(w), Uk = n(^ai,...,ak-i)'^kiv), Uk+l=Vk+l, Ur=Vr- 

Write then in matrix form 

{ui,...,Ur) = B' ■ (xi, . . . ,Xr)*, {ui,...,Ur) = B" ■ (ui , . . . , W^)*- 

Remark that the first r x r minors of B' and B" agree, and denote it by Br. Write F{x) and 
F{v) in bases u and expand it with respect to wi <C "^2 ^ . . . <C Wfe ^ Uk+i, . ■ . ,Ur and denote 
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the result by J-'{u) and F"{u), respectively. We have J-'iu) = F"{u), thus 

^^^tk\ak ■ ■ ■R''5S+ ...dxk= det(Sr)"^Rcs+^^o . . . Res+ ^o-^'(")^"i ■■■duk 

= dct(B,.)~^Rcs+^o . . .Res+ ^oJ""(u)(iui ...duk^ Rcs'^^^^^ . . . Res+ . ..dvk- 

□ 

Definition. Let x be a generic bases with respect to F = J2i jj''^ a - ^^'^ order of 

Res I ... Res , r= r^dx, 



(ii, . . . , V € /) is equal to ord(ii, . . . , v; /) = fc if 

r 



1=1 



with (A^)i, . . . , ^ and (A^)fe+i = . . . = (A',), = 0. 

Remark 4. If Res'*" , ... Res''' , P'i^)'^ ' jg of order fc, then 

(18) Res+, . ...Res+, . ^^^^^ -— 

depends continuously on small p G (a^j^, . . . ,0;^^) (small means that it stays of order k). 

Let (Af, w) be a compact hamiltonian T- manifold with moment map : A/ — > t*. We choose 
a compatible triple (aj,g,X) on A/, where g Riemannian metric, T almost complex structure. 
Consider 

where / indexes the fixed point component Xi CZ and ai, i ^ I are isotropy weights of 
T-action on the normal bundle Af{Xi\M) of Xj in M, and A/ = —ii{Xj). 

Definition. Let S* C T be a subtorus and let N C be a connected component. The convex 
subpolytopc /i(A^) is called wall of the moment polytopc IJ.{M). 

Let ai^,...,ai^ satisfy (2). To any Res+|^.^ . . . Res+ |^.^ ^^^^^^^-^da;, (ii,...,v e I) we 
associate a series of walls of IJ.{M) as follows. For any I < r let Si C T subtorus such that 
Lie{Si) = Si := n^^;^kerai^. We can identify Lie{T/Si)* = kcr(t* s^) = (a^j , . . . , 0;^,). Let 
Ni be a the connected component of M^' containing the fixed point component Xj C . 
Then Nf — N^^^' and p.{Ni) C A/ + (a^j , . . . , 0;^,) having dimension dim/i(A^() = I. We call 
A/ + (ttij , . . . , ai,) the plane of fi{Ni). Moreover, if ord(ii, . . . ,ir; I) < I then is in the plane of 

Lemma 3. Let x be a generic bases with respect to F as in (19). Denote Wk{M) the set of 
k- dimensional walls ijl{N) of fi{M) containing in their plane. Then 

E I^<|o.,---R<|o.,ft^^^^^^= E Rcs+Rcst^^^F^iviN),w)dv(N)dw, 
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where vi{N), . . . Vk{N) are the projections o/ xi, . . . , Xfc to the plane fi{N) along {xk+i, ■ ■ ■ , Xr) , 

w, = X, for i > k, and Fn{v{N),w) is equal to '"^^^\M) = T,XjCN^ Ixi 'eTiXj\M) written 
in bases {v{N), w} and expanded with respect to Vi{N) <C Wj for all i < k < j. 

Proof. Let 

(20) Res+, ...Rcs+, li^ ^ , , dx 

be of order I < k, and let Nk be its associated fc-dimensional wall in fJ-{M) and is contained in 



the plane of n{Nk). Then = J^^ l^'f!fJxj\J) ^ ^ the summand of §j^^ Z^ji^N.^M) - 

By Lemma 2, (20) is equal to 

Pi(v(Nk) i(;)e-^'f("(^'=''"'' 

which is a summand of I{.cs'^Ilcs^^j^^^F]y^{v{Nk) , uj)dv{Nk)dw. 

Conversely, if fJ-{N) is a fc-dimensional wall of fJ-{M) with plane containing 0, then any sum- 
mand of Res^Res^|.^^i^Ar(w(A^), w)dv{N)dw is of form (20) having order I < k. □ 

Remark 5. Let 5 C T be a subtorus and let N C be a fixed point component. Recall 
that we can identify Lie{T / S)* = ker(t* — > s*). N{N\M) S'-equivariantly splits to sum of 
line bundles OjLj. Then eT{Lj) = "/j + eT/s{Lj), where 7^ 7j G s*. We may identify s* 
to (wfe+i, . . . , C t*. Hence, if we expand eT{Lj){v{N),w) — jj{w) + eT/s{Lj){v{N)) as 
Vi{N) ^ Wj, i < k < j, then e^jv'(Af | Af) analytic in v{N). Therefore Fn{v{N),W) defined in 
Lemma 3 is analytic in v{N) by compactness of N. 

We have the following vanishing result. 

Proposition 3. Let x be a generic bases with respect to F as in (19). Suppose that is not on 
any wall of fj.(M), i.e is regular value of fi. Then for any k < r 

Res+, ...Res+, -—dx^Q 

dcg(ii,...,i,;/)=fc -^^^e-f ' 

for any p in a small neighborhood ofO. 

Proof. First, we will show by induction on k that for any ij.{N) £ yVfc(M), we have 

(22) Res+^j^^FN{v{N), w)eP^^^^^'^Uv{N) = 

with Fx{v{N),w) defined in Lemma 3 for any p in a small neighborhood of 0. 

Let fco be the smallest number such that WkgiM) ^ 0. By Lemma 3 this is equal to 
the smallest order. Since x is generic, we have fco > 0. Consider w as a fixed parameter 
and remark that is generic for Fx{v{N),w) as fraction in v{N). Furthermore, is generic 
for F7v(w(A^),w)e'''(^W) for smaU p' e {vi{N), . . . ,Vka{N)) . Since is not contained in the 
convex polytope —p{N) + p'{v{N)) and Fi\[{v{N),w) is analytic in v{N), Lemma 1 we have 
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Res^(.^-jF/v(w(Af), w)e'' ('"(^^'(it;(iV) = 0. Moreover, we can write any small p as p{v{N),w) ~ 
p'{v{N))+p"{w), thus 

Res+j^^FN{v{N),w)e'''^^^^^''"Uv(N) = Rcs+^)FAr(i;(iV), u.)e'''("(^)'"')d«(iV)e''"("') - 0. 

Thus we have showed (22) for k ~ k^. For general k < r 

Res+^^^FNiviN),w)dv{N) 

can be written as sum of degree k terms and lower degree terms. The sum of lower de- 
gree terms is equal to Y,^(N')eWi{N),i<k^'^^w'^^^t{N')^N'{v{N'),w' ,w)dv{N')dw' , where w' = 
{vi+i{N), . . . ,Vk{N)}. By induction hypothesis, 

(23) Res+Res+jv,)FAr,(t;(7V'),w',u.)e^('^(^')''"')rff(iV')rf^«' = 

ti{N')eWi{N},l<k 

for all 9 e {vi{N), . . . , Vk{N)) small. From (23) and Remark 4 follows that 

Res+^N)FN{viN),w)e'>^-^^^^dv{N) 

depends continuously on small 6. Fix 6 small and let gN{v{N)) such that is generic for 

i^Ar(w(7V),w)e''(^W)+^?"("(^» as fraction in v{N). Then 

(24) 

Res+(^)Fjv(w(iV),u;)e''(''(^»dt;(iV) = lim Res+(^)Fjv(w(iV), w)e'''''^^»+"^"(''^^»dz;(7V) = 0, 
by Lemma 1. We can write any small p as p{v{N),w) = 9{v{N)) + '0{w) and we have 

Res+j^^FN{v{N),w)eP^^^''^^^^dv{N) = Res+j^^FN{v{N),w)e'^^'^^^^dv{N)e''^^^ = 0, 
by (24). In particular, if p{N) E WkiM), k < r then for all p small we have 
(25) Res+Res+ ^)FAr(i;(iV), w)eP^''^'^'>^'^'>dv{N)dw = 0. 

From Lemma 3 follows that for small p we have 

> Res+i ...Res+i — — dx 

deg(ii,...,i,;/)=fc ^ ^ 

J2 Rcs+Rcs+^j^.^FN{v{N),w)eP^'"^'^'>^'"'>dv{N)dw 

J2 Res+Res+^)Fjv(w(A^),u;)e''("W'"')dw(7V)(iw = 0, 

M(JV)6Wfc_i(M) 

by (25). □ 

Proposition 4. Lei x be a generic bases with respect to F as in (19). Suppose that is not on 
any wall of fi{M). Then 

(a) ,lKReSxF{x)e''^^^dx depends continuously on p small. 

(b) i¥J\eSxF {x)dx does not depend on the choice of generic bases x, i.e. if y is another 
generic bases with respect to F , then ^YJX,eSxF{x)dx = JKReSyi^(?/)(iy. 
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Proof. (a) By Remark 4 and Proposition 3 wc have that Res^^ . . . Kcs^_^F{x)eP'-^^ dx depends 
continuously on smah p. 
(b) Let p be small such that is generic for F{x)eP'-'-'\ Then 

JKRes^F{x)dx = lim JKReS:j,F(x)e''''("^)da; lim JKRes„F(a;)e''''(2')d?; = JKReSyF{y)dy. 

s— s-O s—yO 

□ 

2.2. Equivariant Jeffrey-Kirwan residue. The equivariant Jeffrey-Kirwan residue can be 
thought as a parametric version of the usual one, but the additional freedom in the choice of 
polarization gives more flexibility. 

Let t* and s* be real vector spaces of dimension q and r — q, respectively. Set t* ~ t* x s* . 
Let s be a bases of s*. 

Definition. A t*-pole (or simply a pole) in i* is a g-dimensional vector space V such that 
V®s* = t*. 

Let X = {xi, . . . , Xr} be an ordered bases of t*. It induces polarization on each V as follows. 
Let {x^, . . . ,x'^} C t be its dual bases. Denote ly : t V* the adjoint of the inclusion V ^ i*. 
Let {v^ = i^(a;*i ), . . . ,v'^ — i^(a;*«)} be the bases of V* such that ii + . . . + ig is minimal and let 
V = {vi, . . . , Vq} C F be its dual bases. We call v the bases of V induced by x. 

Lemma. Let a £ V be a non-zero vector. Then a is polarized with respect to x if and only if it 
is polarized with respect to v. 

Proof. Recall that a £ V is polarized with respect to x if a{x^) = ... = a{x''~^) = and 
a{x'^) > for some k. Then we have a{i'{x^)) = ... — a(z^(x'^~^)) = and a{i'{x'^)) > 0. 
Moreover, i'{x^), . . . ,i'{x''~'^) cannot span V* , hence by minimality condition v{x^) = for 
some / and w^, . . . , v'^^ G {v{x^), . . . , v{x^^^y\. Thus a is polarized by v. 

Conversely, let a G 1^ be polarized by u, i.e. a^v"^) ~ ... — a{v^~^) — and a(w') > 0. 
We have a{x^^) — ... ~ a{x^'^-^) ~ and a(a;*') > 0. By minimality, for all j < ii we have 
^{x^) G . . . , i'{x'^'-^)), therefore a{i'{x^)) = a{x^) = 0. Thus a is also polarized by x. □ 

Definition. Fix a scalar product on t* and on each fc*-pole V we consider the pull-back scalar 
product via isomorphism prj.jy : 1/ — >■ J*. Let F — ^'"^ ^ and we define its equivariant 
Jeffrey-Kirwan residue as 

EqRes^i^(x) — ^ JKReSt,J^(v, s)dv, 

V C-polc 

where v is the induced bases on y by x and J^{v, s) is the expansion of F{v, s) as w <C s. 
Definition. A fraction ^''^ ^ is called l*-gcnerating if pr^, (ai), i G / generate t*. 

Any fraction -fp— ^ can be decomposed to sum of £* -generating fractions of form ^ 

n ft n 

je.i i=i 

with /3j G 5* , and non-4* -generating fractions. Remark that EqRes^, vanishes on non-t*-generating 
fractions. 
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Remark. In the definition of EqRes it is enough to consider poles V — {ui-^ , . . . , ai^) with 
ii, . . . ,iq Cz I since for other poles J^{v, s) will be non-generating in v. 

Definition. is generic with respect to if is generic with respect to T{v, s) in v (s is 
considered fixed parameter), where v is the induced bases on V for all poles V = (ctij , . . . , cti^), 
h, . . . ,iq e I. 

Definition, x is a generic bases with respect to F if all induced bases v on poles V — {ai^ , ■ ■ ■ , ca^ ) , 
ii, . . . ,iq £ I , are generic with respect to J-'{v, s) (s considered as fixed parameter). 

Lemma. Let x be an ordered bases of i* , F = j-^^*^ ^ and let A ~ U/joi | i E I}. There 
exits bases y which is generic with respect to F and it induces the same polarization on A as x. 

Proof. By Remark 1, the polarization on A induced by x corresponds to a connected component 
A C {t e t| a{t) > 0, Va G A}. Let ^ £ A. We can choose a generic bases y with respect to F 
such that 2/1 (^) > and y2{S,) = ■ ■ ■ = yr{0 ~ 0- It will induce the same polarization as x. □ 

Proposition 5. Let {Al,uj) be a compact symplectic manifold with Hamiltonian K x S -torus 
action and fi ~ fiK x f-s ■ ^d — > x s* moment map. We suppose that Cz t* is a regular value 
of fJ'K o,nd let F be as in (19). Let x and y be two ordered bases of t* , generic with respect to F. 
Then 

(a) EqRes^i^(x) ~ EqRes,yi^(y) (independence on polarization), 

(b) EqRes^i^(x)e''^^-' depends continuously on p Cz i* in a small neighborhood of 0. 

Proof. Let 1^ be a pole and let v and w be bases of V induced by x and y, respectively. Denote 
T{v, s) and T{w, s) respectively the expansions of F{v, s) and F{w, s) with respect to z; <C s and 
w ^ s. It is enough to show that JKRes„J^(w, s)dv = JKReSu,J^(w, s)dw. 

Let J' he the set of those / such that there are ii, . . . ,iq E L with V = (a; ^ , . . . , ) . Let 
Ti{v, s) be the expansion of '^^^'^q.^^^, s) '^ith respect to w <C s. I ^ J then 

JKRcSi, , s)dv = 0, 

lej 

since J^i{v,s) is non-generating in v. Thus 

JKRes„J^(i;, s)ds = JKRes^, J^i{v, s)dv. 

Let H C K be the subtorus such that Lie{H) = V-^ = {t e t\-d{t) =0, Vi? G V}. Denote V 
the set of C fixed point components such that dim^{N) = q. Remark that ijlt/h{N) C 
V = Lie{T / H)* and ^k{N) ~ pff |v(/^t/h(A^))- is not on any proper wall of Ht/h{N) since 
is a regular value of u^- If / G then J^'"^ ' is a summand of 

Moreover, if AT/ C A^^ = 7V^/^ for some N e V then I e J. By Remark 5, eTAf{N\M) is 
invertiblc if w ^ s. Hence the expansion Q{v,s) of (26) with respect to u ^ s is analytic in v. 
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Thus 

3KRcSyT{v, s)dv = JKRcSt, J'liv, s)dv — JKRcSyQ{v, s)dv — 

lej 

JKReSwGiw, s)dw = JKRes^, J^i{w, s)dw = JKReStuJ^(w, s)dw, 

i&J 

by Proposition 4. 

By Proposition 4 also fohows that 

EqRes^F(x)e''(^) = ^ JKRcs„ s)e''(''^")du = ^ 3KRcs^g{v, s)eP^"^''> dv 

Vpole Vpole 

depends continuously on p in a small neighborhood of 0. □ 

We have the following analogue of Proposition 1. 

Proposition 6. Let x be an ordered bases oft* and let z = {zi, . . . , Zq} be an orthornormal 
bases of t* . Consider ai, . . . , ag G t* and let A = Ao(s) + Ai5i + . . . + XqOLq. Then 

eA(.) gAo(.) ? e(a,)"'+iA^- 

EqRes^=o — — — = ^ — 



^nLi«»W"'+' |det(^^|i£^) 
if det ^ ^"g^^'^-* ^ 7^ and Ai, . . . , Aq > 0, otherwise it yields zero. 

Proof. Let V = (ai, . . . , aq). V is a. pole if and only if det (^^^^^^^^ 7^ 0. Suppose that this is 
the case, thus we have 

gA(x) gA(u,s) gAo(s)+J]'=i Ai5i 

where v is the induced bases on y by x. Denote z[ the projection of z,; to F along s*. Remark 
that z' is an orthonormal bases of V and det ^ ^"g^^'^-* ^ = det ^ ^"g^V"* ^ . By Proposition 1, (27) 

det (^^^^) I riLi if Ai, . . . , Ag > 0, otherwise (27) is zero. □ 



is equal to 

We also have an analogue of Corollary 1. 

Corollary 2. Let x be an ordered bases of i* and let be generic with respect to F = ■^'^ ^ , 
where A 7^ 0. //prj. (A) ^ Cone(prj,. (5^) | i G /) i/ien EqRes^F(.T) = 0. 

Proof. With notations of Proposition 6 we have pr^* (A) = Aipr^. (5i) + . . . + Agpr^. (3g). Then 
the statement follows from decomposition to 4*-generating and non-generating fractions, and 
from Proposition 6. □ 

Corollary 3. Let x = {.ti, . . . , Xr} he an ordered bases of t* ~ t* x s* such that xi, . . . , Xq € t* 

and Xq+i, . . . ,Xr € s* . Let be generic with respect to F ~ yt~^ — ; where A ^ s*. If X is not 
polarized with respect to x, i.e. A = —A them EqRes^i^(x) — 0. 
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Proof. Remark that for any /3 g t* we have prj. (/3) = pr{t(/3). Hence Cone(pr(. (5^) \ i € I) = 
Cone(pr(. (ai) | i G /) is contained in the polarized cone of t*. Since A ^ s* and it is not polarized, 
hence pr^. (A) = — pr^. (A) = — pr^. (A) 7^ is not contained in the polarized cone of t* and from 
Corollary 2 follows that EqRes^F(x) = 0. □ 



3. Symplectic cut 

In this section we review in details the symplectic cut technique ([Ler], [LMTW], [JKo]). We 
compute new fixed point data arising on the symplectic cut space: fixed point sets, Euler classes, 
orbifold multiplicities. Our setup is only a slightly different from the one in [JKo]. The results 
of the section are summarized in the Atiyah-Bott-Berline-Vergne formula on the symplectic cut 
space (Theorem 9) and they will be used in the subsequent section. 

Consider C with the standard symplectic form ujcq = -^^^ dzidzi and let K = U{1)'^ 

g-dimensional torus which act on C by weights 71,..., 7^ G Z'' ~ tj, i.e. t ■ = 

I |2 

(t'^^ zi, . . . , V''Zq). It is a Hamiltonian action with moment map -0 : — )• 6* , = 7* 2~' 

Suppose that 71, . . . , 7^ are linearly independent. 

Let (A/, a;) be a symplectic manifold with Hamiltonian action of the n-dimcnsional torus T 
with moment map : A/ — > t*. Let K C T be a g-dimensional subtorus and denote its moment 
map by ^k. The product space M x is symplectic with symplectic form uj-\- ujcq and it admits 
Hamiltonian T x if-action {t, k) ■ (m, z) := (tm, k^^z) with moment map {^t, : M x — >■ 
t* X F. We consider the embedding idiag : K ^ T x K , k 1-^ {k, fc~^) and we denote its image 
by Kdiag, its Lie algebra by idiag- The A'diag-moment map is equal to : M x C fiJmg' 
'I' = i^iK — Introduce notations L = | ^ili "= ^* I "= II^>o}- 

Lemma. Suppose that G {* is a regular value of ^k- Then G idiag regular value o/^* if 
r intersects the moment polytope ^k{M) transver sally, i.e. any face ofT intersects any wall of 
fi^iM) transversally ([JKo]). 

Remark that if any face of F intersects any wall of /i/<-(M) transversally then any face of 
pr{r*^(r) intersects any wall of iit{M) transversally, where pr(* ; t* — > t* canonical projection. 
From now on we suppose that the conditions of the lemma are fulfilled. Let A/o = Mk^(0)/A' be 
the symplectic quotient and denote the image of m G fj,~^^{0) under the quotient map by [m]. 

Definition. The symplectic cut of M with respect to the simplicial cone F is defined as 

Mr = ^-'{0)/Kd^ag. 

We also denote the image of (to, z) G ^""'^(0) under the quotient map 'ii^^{0) Mp by [to, z]. 

Remark. In general, Mr is an orbifold even if K acts freely on /i^^(O), i.e Mq is a manifold. 

The T-action on M x C descends to Mr. It is Hamiltonian with moment map Mr — > t*, 
[to, z] I— fiT{m) which we will also denote by fiT (and fiK for K C T). The image of moment 
maps equal to fiK{Mr) = fJ-K{M) n F and ^^(Mr) fJ-T{M) n prj;^(F). 
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3.1. T-fixed components on Afr- 

Proposition 7. Let {m,z) e '^^^{Q), m € M and z € C . Denote and K° the unit 
components of isotropy groups of m and z, respectively. Let Fm C and C (C'?)^^ the 

connected components of fixed point sets containing m and z, respectively. Then [m, z\ G MjT 
if and only if im ® = t; where t,„ and Iz are the Lie algebras of the corresponding isotropy 
groups. Moreover, the connected component of A/jT containing [m, z] is equal to 

F[m^z] = {Fm X F,)//Kd,ag = X F,) H ^ (0) / Ad.ag • 

Proof. A point [m, z] G Air is a T-fixed point if and only if for any t Cz T there is k Cz K such 
that {tk ■ m, k^^ ■ z) = (m, z). That's it, if T„i C T is the isotropy group of m e A/ and C i^T 
is the isotropy group of z e then [m, z] £ Mr is a fixed point if and only if for alH € T there 
is fc € Kz such that s :^ tk £ r,„ or equivalently T,„ x — >■ T, (s, fc) i— > sk^^ is surjective or 
equivalently t,„ + = t. Since i^^iag acts locally freely on \l/~^(0), thus t,„ n = {0}. 

Denote tt : vl/-i(0) ^ A^r the quotient map. To check the inclusion {F„, x F^) n *"^(0) C 
7r~H^[m,z])> let (mi,zi) e (F™ X F^) n *"^(0). Since the homomorphism x K° T, 
{s, k) sfc~^ is surjective, we can decompose any t £T ast ^ sk^^ with s G T°yi and fc e ii'" and 
we have i-[mi, zi] — [sk~^ -mi^ zi] — [s-mi,k~^-zi\ = [mi,zi]. Therefore, [Fm^Fz) // Kdiag C A/jT 
and moreover by [A] it is connected, containing [m, z], hence {Fm x Fz)llKdiag C F[,„ ^J- 

To show the reverse inclusion, let (to2, Z2) £ 7''~^(F[„ ^j) be in a small neighborhood of (toi, zi) 
in (F,„ X F^) n ^'^^(0). The inclusion [m2,Z2\ € A/^ implies that t,„2 = t. Similarly, 
(mi, zi) e FmX Fz implies that T,*^ C r,„i and K° C iC^i, thus t = C t,„i ® = t, 
therefore t,„ = t,„j and tz = izi ■ The isotropy groups locally decrease, thus we have C 
and Kz2 C i^xj . For Lie algebras t = © tz2 C tm^ © tz^ = t, hence tm^ = tm^ = t™ and 
= «2i = which yields C T^^ and J-iT" C A'^^, hence (7712,22) S (i^m x F^) n *-i(0). 
This shows that (F^ x F^) n *~^(0) is open in 7r~^(F[,„^2]), but it is also closed being a x A'° 
fixed point component of 4'~^(0). From the connectedness of tt^^{F[„i^z]) we have that (Fm x 

Fz) n *-l(0) = ^-l(^[rn,.]), i.e. (T^™ X Fz)//K,Uag = F[m,z]- □ 

We introduce notations Mint = {fn <= ^'^ | IJ-Ki^n) e int F}, Afr^int = {["t., z] g Afr | Mivd"^; ^]) G 
intF}, Afr.o = ^] G A/r | z = 0}. We sort the fixed point components in three groups: 

(0) fixed point components Ho C Af Jq. They are characterized by fj,K{Ho) ~ and they can 
be identified to T-fixed point components Fq in Mq via the T-equivariant diffeomorphism 
So : A^o ^ Mrfi, [m] ^ [m, 0]. 

(1) fixed point components Hi C A/jT^-^^j, characterized by ^k{Hi) G intF and they cor- 
responds to fixed point components of Mint as follows. Let K' C K be the maxi- 
mal subgroup of K acting trivially on C^. For any m e Mint we can write /i/<-(m) = 
5 Yln=i lJ'Kim)ijt with fiKirn)i > for aU i = 1, . . . , g. The map Mint Mr, int, m ^ 
[to, (-y/^/f (m)i, . . . , y,K{''n)q )] induces T-equivariant isomorphism : Mint/ K' 
Mr, int of orbifolds. Under this map the fixed point components Hi corresponds to sub- 
orbifolds Fi/AT of Mint/K' where Fi is a T- fixed point component of Mint (remark that 
K' acts trivially on Fi). 
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(2) Other fixed point components H CZ MjT characterized by ^k{H) being non-zero and it 
Ues on the boundary of F. If K is 1-dimensional then this type of components do not 
occur. 

3.2. Choice of cohomology classes and their restrictions. The projection M x C M 
induces an isomorphism Ht{M) Ht{M x C^) and tlic honiomorphism T x Kdiag T, 
{t, k) i-^ tk induces a honiomorphism Ht{M x C) HrxKaiagi-^'^ ^ '^'^)- Their composition we 
denote by S : Ht{M) ^ Htxk^,^,{M x C?). 

Definition. Define the cut homomorphism A : Ht{M) Ht{My), A = kt o S, where kt : 
HTxKdiagi-^'I ^ C'^) Ht{My) is the T-equivariant Kirwan map. More explicitly, if a is an 
equivariantly closed form on M then A(a)(u) = Hore(j*a(u -f Q(u))), (cf. [BT]) where m £ t, 6* 
is a T-invariant connection form on the principal ii'diog-bundle \E'~^(0) — ^ Mr with equivariant 
curvarture form Q and j : ^'^^(0) — > 7\/ x is the inclusion. 

Proposition. 

(1) We have SQ(A(a)|A/p q) = kt/k{o) where kt/k '■ Ht{1\I) HT/Ki^h) is the equivari- 
ant Kirwan map. In particular, if Fq C Mq and Hq C M^q are fixed point components 
such that Eo{Fo) = Hq then E'^{A{a)\H„) = KT/K(a)|Fo- 

(2) As equivariant differential forms 'E.q{A{uj ^ fiT)\Mr o) reduced equivariant differen- 
tial form on Mq . 

(3) Let Fi C M^^f and Hi C A/jT^^^ be fixed components such that Si„t(i^i) = Hi. Then 
S*„t(A(a)|//J = a\F,. In particular, S*„f(A(w - ^^t)\h,) = (w - ^it)\f,- 

Proof. (1) We have the following isomomorphism of principal iiT- bundles 

Mo ^ — ^ Mr,Q. 

Let j : n^^{0) ^ M and jo '■ t"-^ ^ {0} ^ ^ C'' inclusions. Let be a connection form 
on principal A'-bundles /^^^^(O) x {0} — > Mr,o and "B^O its pull-back to A'if^(O) ^ ^^o- 
From the definitions follows that 

So(A(a)|Mr,o) = S;5Hore(j^a(u + Q{u))) = HorH.e(joa(it + ^*oQ{u))) = HT/K{a). 

(2) In particular, for a = fiT equivariant symplectic form we have equality of equivariant 
forms EKAiuj - ^J-T)\M^) = i^t/k{^ - /^t)- 

(3) We have the following commutative diagram 

Fi — ^--1(0) n {Fi X c«) 



Fi/K' 
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where a{m) ~ (m, (■\/ iiK(jn)\^ . . . , ^ [iK{jTC)q )) is a global section of the principal Kdiag- 
bundle *-i(0) n (Fi x C?) Fi and yields isomorphism Fi x Kdiag/K' ~ ^--1(0) n 
(Fi X C«). Let ji be the composition of inclusion *-i(0) n (Fi x C«) A/ x and 
projection Af x C — > A/. Let 9 be the pull-back of the Maurcr-Cartan form to the 
principal Xdiag-bundle ^"^^(0) n (Fi x C^) ~ Fi x KdiagjK' and 6 be its equivariant 
curvature form. Then the restriction of the class A(q!) to R\ is equal to 

A(a)(u)|^^ = HoreOXu + e^)) 

Moreover, if . is a bases of t then e(u) = - ELi u.l^.Q + Q^ and cr*6l = 0. 

Therefore cr*(A(a)|ijj) = Q!|fi implying the assertion (3). Remark this is an equality of 
equivariant differential forms. In particular, for a = w — [It equivariant symplectic form 
on M we have the equality 5*„j(A(w — /XT)|_ffi) = (w — /xt)|fi- 

□ 

3.3. T-equivariant Euler classes of normal bundles of fixed point components. 

Lemma 4 (cf. [JKo] Proposition 2.2). Let Rbe a K -invariant symplectic submanifold of a 
Hamiltonian K -manifold M with moment map fi : M ^ i* . Suppose that is a regular value of ii 
and denote A/q = /i^^(0)/A'. //i?n/i^^(0) 7^ then the symplectic quotient Rq = [RC\ ^.^^ {Q)) / K 
exists and we have isomorphism of normal bundles 

N{Ro\Mo)c^N{R\M)/lK. 

If there is a second T-action on M which commutes with K and R is T -invariant, then the 
isomorphism of normal bundle is T-equivariant. 

Proof. is a regular value of fji is equivalent to the locally free action of K on /i^^(O). Hence K 
acts locally freely on the set i?n /i^^(O) — {^\r)^^{0). Therefore, is a regular value of and 
the symplectic quotient i?o = {iJ'\r)^^{^)/ K = (i? n ii^^{Q))/K exists. 

Let TT : (0) — )- Afo the quotient map. We have the following commutative diagram of vector 
bundles over tt~^Ro with short exact sequences in rows and in the first two columns 



n-HRo) X t {tt-\Mo) x t)\^-^R,) 

rA/U-i(«„) AA(i?|Af)U-i(^„) 

^ 7r-i(Ti?o) ^ ^-i(FAfolflo) ^ ^-W(i?o|A/o) ^ 















EQUIVARIANT JEFFREY-KIRWAN LOCALIZATION THEOREM IN NON-COMPACT SETTING 



19 



The 9-lemma implies the exactness of the last column and the lemma follows. In the case of the 
second action the diagram is T-equivariantly commutative, hence the isomorphism of bundles 
will be also T-cquivariant. □ 



We have a finite cover Tm x Kz ^ T, (s,fc) i->- sk, since t = tm ® tz- 
computation of T-equivariant Euler classes we may suppose that T = x 
7 and Lemma 4 follows that 



Consequently, for 
From Proposition 



(28) N{F[^^z] \Mr) ^ NiF,n x F,|A/ x C«)//k,„, ^ (pr^AA(F„|M) ® pr;N{Fz\a)) // Kd.ag- 

Choosing a T-invariant compatible triplet {uj,g,X) on M the normal bundles M{F„-i\AI) and 
N[Fm X F^jM X C) become complex vector bundles. 

The normal bundle N{Fm\M) splits T,„-equivariantly to sum of complex line bundles L[ ^• 
Fjn; i.e. M{Fm\M) = L[. This splitting is T = T!,„ x ii'^-cquivariant since the actions of 

Tm and commute. Denote Li the pull-back of L[ along the projection prj^ : Fm x i^z — > Fm 
which is 01 : T X Kdiag ^ T, (i, k) t-^ tk intertwining. Therefore, Li — > Fm x F^ is a, complex 
T X Xfiiag-line bundle and we have T x /Crfiag-equivariant isomorphism of vector bundles 



(29) 



pr^AA(F„,|M)= 



For a fixed z = {zi, . . . ,Zq) e C we set Jz = {j \ Zj = 0}. We have if-equivariant splitting 
Af{Fz\C'^) = X Cy-, where K acts on C-^^ with weight 7^. The pull-back of the line 

bundle Fz x C^^ — > Fz along the (f>2 ■ T x Kdiag ^ [t, k) i— > k^^ intertwining projection 
pr2 : Fjn X Fz ^ Fz is equal to the T x A'djag-line bundle Cj := (F,„ x F^) x C^^ — > F,„ x Fz 
and we have T x /Cdiag-isomorphism of vector bundles 



(30) 



pr;AA(F,|C«) 



The direct sum decomposition i™ ® = t induces isomorphism t* ~ tj^ x €*. Moreover, 
with identifications t;„ = {A S t* \ X[tz) = 0} C t* and = {A £ t* | A(t,„) = 0} C i* we 
can write t* = t*j © {*. Denote Qm : t*„ ^ t* and Qz ■ i-l ^ t* inclusions. Similarly, from 
direct sum decomposition t = n tm) © we get V = (f n t,„)* J* with identifications 
{i n im)* = {/3 G r I I3{lz) = 0} C r and t* = {/? e r | /?(« n t„0 = O} C r . Wc consider 
Pm '■ f*„ ^ and the inclusion pz : — >■ J* satisfying commutative diagrams 




and 



e: 




(«nt 



The T„i X i^z-equivariant Euler class of Li has of form er^xK^Li) = + eK^{Li) for some 
cti € im and therefore the T x X^iag-equivariant Euler class is equal to 



(^TxK^.^giLi) = (j)l{eTiLi)) ^ Qmiai) + pm{a^) + {qz x pz){eKALi))- 
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More explicitly, for any u £ t and u G t we have 

eTxKii^jLi)iu,v) ^ ai{pi\^^^iu + v)) + eK,iLi)(pT^^{u + v)) , 

where pr^^ : t — > t,„ and pr^^ : t — > £2 are projection along tz and t„i, respectively. Moreover, we 
have 

Let K : HK^,^^{Frn x F^) -> H{F[^^z]) and kt : HrxK^i^^iFm x F^) Ht{F[^^z]) be the usual 
and T-equivariant Kirwan maps, respectively. Let be a T-invariant connection form on the 
principal Xtiiag-bundlc x F,) n ^'^^(0) ^"[m.z]- Consider the map t — > { given by w i-> l J). 

Remark. (i) If u G t„,. then the fundamental vector field on Fm x F^ equals m = 0. 

(ii) If u e tz then t„6' = u because Kz C T acts on Fm x Fz as Kz C Kdiag- 

(iii) For all w G t we have i„0 = pr^. u. 

We compute K(eXdi„g (ii)) = Horg [a; (prj^ (i6') + e^- (ii)(pr{^(i0)] and 

KT(eTxKd.ag(-^i))(") = Horg [ofi (prj^^ (u - lJ) + dO)) + eK,{L^){prt^{u - ij) + d9))] 

= Hore [a,; (pr^^^ (u — pr^^it + d9)) + eK^(Li)(prj^(u — pr^^u + rfS))] 
= ai(prj^it) + Hore [a,(pr^^^^^^0) + eKAFi){Wi^d9)\ 
= a*(pri„w) + '^(ei^^„g(^^)), 

thus 

(31) i^T{eTxKa.^,{L^)) = 6i„,(a,) + K(eK,,„g (ii))- 
Similarly, 

KT(erxA'd„g (^j))(") = Hore [ - 'yj{-L^9 + d9)] = ■yjipr^^u) - Hore [7i(c?^')] = Jjipr^^u) - K{jj), 
thus 

(32) HT{eTxK^,^,iCj)) = fo(7j) - k(7j)- 
From equations (28-32) we have 

eT(AA(i^[™,.]|Mr))- J] '*T(eTxA.„,(i.)) H (^^^^^-"..(^j)) 

(33) = n i^raia^) + KieKa.^^L,))] J| [^(7^-) - k(7j)] . 

Remark. (1) We have 6^ ~ ^j^Jz ker7j and = e | = 0, Vj' e Jj}. Moreover, 
:= Coneijj\j i J,) = V(^.), hence MF[m^z\) = /^T(i^m) n x"'(r.). 

(2) The set {£12(7^) | j G Jz} is a bases of 4* and firiFm) C fiTim) + ?* C t*. 

(3) The underlying vector space of x~^(^z) is equal to tj^. 
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Remark. In case ofT = K x S denote a : i* — > s* the restriction and introduce maps (7^ : 

s*, (Tm = cr o g„, and cr^ : H> s* , cr^ = cr o p^. Then gi„ = p„ + (Tm and fiiz = Pz + ctz- Hence, 

eKxsA/'(i^[™,^]|A/r) = J| [p™(a,) + cr„(ai) + K(eK^^^^(Li))] J| [pz(7j) + c^zITj) - ^^ITj)] 

(34) = n [P^M + i^sieK,,^^{L,))] Yl [p,(7^-)-Ks(7j)]. 

Moreover, the sphtting t = t © s induces isomorphism t* ~ J* x s* and we have identification 
s* = {A e t* I A({) = 0} C i*. For z = we have to = i, thus = s*, hence p,„ = 0, = Ij. 
and 

9 

i&Irr, j=l 
1 

(35) = es{F[„,,o]\Mo) [] b " «s(7j)] • 

3.4. Orbifold multiplicities. As remarked before Afr is an orbifold in generaL Next wc will 
compute the orbifold multiplicities of its fixed point components as suborbifolds. 

Proposition 8. If M is compact and K acts effectively on it then mult(A/r) = 1 and mult(A/r.o) = 
1. Moreover, let ti, . . . ,Tg he a Z-bases of t^. Set 5^ = | det([7ij]^j-^j^)|, where 7^ = X]j=i 7ijT7- 
Then mult(F{) = \K'\ = 5^. 

Proof. Denote AIh ~ {m G M \ Km = H} and A/(//) = {m E H \ is conjugate to H in K}. 
Mi^H) is a submanifold for all H C K and Mh ~ M^h) since K is abelian. The compactness of 
M implies that only finite number of subgroups of K may appear as isotropy subgroups, hence 
we have a finite stratification M — M(^h)- The inclusion defines a partial order on the set of 
isotropy groups. Moreover, it has a unique minimal clement i?mm- The corresponding stratum 
^'^{H^in) is open and dense submanifold of A/, called the principal stratum. Remark that H„iin 
being the unique minimal isotropy group, it acts trivially on M. (cf. [GKG]) Therefore, if the 
action of K is effective then Hmin is the trivial subgroup and K acts freely on the principal 
stratum. In particular K acts freely on Mint H Mi^jj^.^^ ^ implying that Afr,int — MintjK' is 
an effective orbifold. Mr,int C Mr is open thus M-p is also effective and therefore mult(A^r) = 1- 
There is an open neighborhood U of G such that /i^^([/) is iC-equivariantly diffeomorphic 
to fJ.~^{0) X U. Since ^~^{U) is open and M(^H,„i„} is dense we have that ^^^{U) n l^I{H„i„) ^ 
implying that p,~^(0) n Af(_f/„i„) 7^ and consequently Mq is also an effective orbifold. We 
emphasis that this does not mean that the orbifold multiplicities of T-fixed point components 
Hq in Afr,o are one. 

The fixed point components Hi of Mr.int as orbifolds are isomorphic to Fi/K' C Mint/K' 
for some fixed point component Fi of Mint, thus mult(i?i) = mult(Fi/i4r') = \K'\. The action 
ofKc^ K'/Z? on C« gives a homomorphism E.yZ'^ RyZ^, {ui, . . . ,Ug) 1^ mji + ... + it,7,, 
which has degree | det([7y]'^^^)| = K' . □ 
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3.5. Atiyah-Bott-Berline-Vergne theorem on Ms- The orbifold version of the Atiyah-Bott- 
Berline-Vergne locahzation is as follows [Me]. 

Theorem. Let X be an orbifold with a T -action. For j3 G Ht{X) we have 



^ mult(F) Jp 



mult(X) " mult(F) Jp eTN{F\X) ' 

where mult(X) and mult(_F') are the orbifold multiplicities of X and F , and M{F\X) is the 
equivariant normal orbibundle of F in X. 

We apply the above theorem for Mr- It will summarize the results of this section. 

Theorem 9. Suppose that T = K x S and M-^ compact. For any /3 £ Ht{M) we have 

Mr ' Jmo n|=i[7, - «5(7,)] Jp eTN{F\M) 

A'A-(F)er 



E 



1 [ iJ^A(/3e'^~^^) 



MK(H)e9r\{o} 

where the number 5^ is defined in Proposition 8 and we used notation 

Mo nj=i[7, - «s(7,)] • ^^^^s mult(^^o) Jf. es{F,\Ah) JJU N - ^^^silj)] ' 
mult(i^o) "is the multiplicity of Fq as suborbifold of Mq. 

Corollary. Let K be one dimensional, then V = M>o7 with 7 € fiz — 2- If Mr is compact then 
for all 13 € Ht{M) we have 

Mr ^ ' Jmo 1-^t/k[i) \i\ J^^^ JpeTN{F\My 

r CZ-Ai 

4. Equivariant Jeffrey-Kirwan theorem 

Motivated by [PW] and [HP2] we define integrations of equivariant cohomology classes on non- 
compact manifolds formaly by the Atiyah-Bott-Berline-Vergne localization formula provided that 
the fixed point locus is compact. By the same symplectic cut technique as in [JKo] we prove our 
main result: an equivariant analog of the Jeffrey-Kirwan theorem for non-compact symplectic 
quotients under assumption the our spaces admit an auxiliary proper and bounded below moment 
map (cf. [PW], [HPl], [Mai]). First we prove an equivariant version of Jeffrey-Kirwan theorem 
for compact torus quotients. The way we defined the polarization and equivariant residue it 
makes the theorem more general than the straightforward generalization of the ordinary Jeffrey- 
Kirwan theorem (cf. [Mai] Theorem 3). For non-compact spaces we first apply symplectic cut 
with respect to the proper, bounded below moment map, making them compact. Then we apply 
our theorem for particular polarization and we show that the new fixed point loci introduced by 
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the cut will not contribute. We use Martin's method [Ma2] to proceed from torus quotient to 
non-abelian quotients. We conclude the section with hypcrKahler versions of the main result. 

Let G be a compact Lie group and let S" be a torus of rank q. Let {M, uj) be a symplectic (non- 
compact) manifold with Hamiltonian Gx S'-action and denote by fJ-cxs : -A/ — > g* xs* its moment 
map. For any subgroup H C GxS the corresponding moment map is = (fl* xs* 1)*)°Mgxs- 
In particular, and fis denote the G- and ^-moment maps. 

We assume that there is an one dimensional torus K in the center of G x 5* with non-surjective 
proper moment map fix- For any "f Cz wc can write = V ' 7 with tp : M — > M. By [PW] we 
have either liaip = (—00,77] oi' Inr</5 = [rj, +00) for some G M. In the first case (p is proper and 
bounded above, while in the second it is proper and bounded below. 

Proper and bounded below assumption. We choose 7 such that the corresponding if to be proper 
and bounded below. 

Let T be a maximal torus of G of rank r such that K C T x S. Moreover, suppose that 
G (0*)'^ is a regular value of fie- Let M//G = /1q^(0)/G be the symplectic quotient and we 
assume that it is non-compact. 

Remark. (1) Propcrncss of fix implies that fixxK and /iTx5 are also proper. 

(2) K <^ G otherwise fic would be proper and the symplectic quotient AI //G would be 
compact. 

(3) For any F C M^^^ fixed point component ^k{F) is a point, therefore F is compact 
since is proper. 

Compactness assumption. We suppose that M'^^^ is compact or equivalently, there are finite 
number of fixed point components F C M"^^^ . 

We recall the following result ([MS] Proposition 5.6.) 

Proposition. If M is a compact T x S -Hamiltonian manifold then M'^^^ is non-empty. 

We also recall the following proposition from [PW]. 

Proposition. Let T be a torus and K d T be an one dimensional subtorus. If M is a T- 
Hamiltonian manifold such that the K -moment map : A/ — > M proper and bounded below then 
M'^ is non-empty. 

Definition. Let M be a non-compact manifold with a G-action. Let T C G be its maximal 
torus. For a € Hc{M) we define 



under assumption that M'^ is compact (cf. [IIP2]). 

Proposition 10. If M^^^ compact then {M//G)^ is also compact. 

Proof. Since {M//G)^ C {M//G)^ it suffices to show that {M//G)^ is compact. Every connected 
component of is compact since ip is proper. Moreover, has finitely many connected 
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components because each of them contains a connected component of M'^^^ and M^^^ has 
finitely many component by assumption. In particular, M'^^^ C is also compact. 

Denote tt : ^^^(O) M//G the quotient map. If m e {M//G)^ andp e 7r^^{m) C M then the 
isotropy group (G x K)p is one dimensional. Its unit component (G x A')° is an one dimensional 
torus. Recall that isotropy groups in the same orbit are conjugate. Thus, there is g € {Gx K)-p 
such that iGxK)° cTxK. We remark that {GxK)° ^ Tand7r"i(m) = G-p C G- M^*^^^)^. 
Let T be the set of all one dimensional subtori T' C T x K with properties 

(a) T' ^ T and 

(b) there is F' C A/^' connected component such that for all T" torus with T' C T" cTxK, 
T" ^ T we have that {F'Y" is strictly smaller than F' . 

The set T is finite. Indeed, let F' be as in (6). F' contains a T x ii'-fixed point. Choosing 
T X X-invariant compatible triple we can consider T x i^-weights ai on T^M for all T x X-fixed 
points X. Recall that we have the same weight on T^M for all a; in a connected component of 
]\/jTxK ^ The Lie algebra t' must be of form nsome i kera^, thus there is finite number of possible 
Lie subalgebras of t ® 4 as t'. 

We have inclusions of closed subsets 

n'' {{M//GY') C G • ( U M^' n C G • ( (J M^' n Mt'(O) ) • 

Vt'gT / \T'er / 

We conclude our proof by showing that n /.t^^(O) is compact for any T' G T. Let F' C 
be a connected component. Recall that {htxk){F') lies in an affine hyperplanc H of t* x fi*, 
where V. is the inverse image of the point ^t'{F') under t* x 6* — >• (t')*. "H n (0 x {*) is finite 
since T' ^ T. Finally, 

F'nAiT^(o) c F'nAiTxK(o X r) c //j;;,^CHn (0 X r)) 

and latter set is compact because firxK is proper. M'^ has finitely many connected components 
since each of them contains a connected component of M^^^ , hence M'^ n/i^^(0) is compact. □ 

The invariant function ip : M ^ M. descends to AI//G and we denote it by ip' . Consider the 
projection prj. : t* x 5* i* = Rj and define 

(36) 7r:t*xs*^M, prf. (x) = 7r(x) • 7. 

Let T' C T X S* be a subtorus and let N C M'^ be a fixed point component. Recall that nrxsi^) 
is a wall of fJ.Txs{M) and it lies on the affine subspace W^^^^(^j^-) = htxs{F) + (tffis/t')* of 
t* X s*, where F C N'^^^ and we identify (t® s/t')* with the subspace {t e t* x s* | T(t') = 0}. 
Moreover, (t® s/t')* is spanned by the isotropy T x S*- weight vectors of N at F. 

Lemma 5. There exists regular value e G M of ip such that 

(a) For all ^TxsiN) wall of ^txs{M) such that W^^^j,(7v) HO x s* — {p\ we have 7r(p) < e. 

(b) A/'^><^ C (p-i(-oo,e]. 

(c) e is a regular value of p' : M//G — >■ R. 

(d) (A///G)^c(^')-^(-oo,e]. 
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Proof. ip{M'^^^) and ip'{{M//G)^) are finite by compactness assumption and Proposition 10. 
It follows that if and ip' have only finitely many critical values. Moreover, contains a fixed 
point component of AI^^^ for any wall fJ,Txs{N) of fiTxsiM). Thus we have only finitely many 
^f^Txs{N} affine subspaces. hence it yields finitely many values 7r(p) with W^^^g(jv)riOxs* = {p}. 
Any value e bigger than all above will satisfy the required properties. □ 

Let £ be as in Lemma 5. Consider the symplectic cut X := AI-p, where F = £—1^7 G t* . Remark 
that as set X — ip~^{—oo,e) 1+1 ip^^{e)/K. Since is proper and bounded below X is a compact 
Hamiltonian G x S'-manifold. Let Ax : Htxs{M) — >■ Htxs{^) be the cut homomorphism. 
Denote by ujx and 4>gxs, respectively the induced symplectic form and G x 5*- moment map on 
X . We also use notation (pn for moment maps corresponding to subgroups H C G x S . 

Lemma. G g* is a regular value of (j}Q : X — > g* . 

Proof. It is enough to check that G g* is a regular value of 4)g on (p^^ (e) / K which is equivalent 
to G acting locally freely on (j)^} {Q)r\(p^^ {e) / K . This latter holds if and only if Gx K acts locally 
freely on ip^^{e) n //^"'^(O) , i.e. when (0, e) G x M is a regular value of /ic x (y9 : A/ g* x M. 
By a similar argument this holds exactly when e is a regular value oi ip' : 7\//G — > M, which 
holds by Lemma 5(e). □ 

4.1. Abelian version. First we consider the G = T abelian case. We have the following gener- 
alization of the compact Jeffrey-Kirwan theorem. 

Theorem 11. Let X be a compact Hamiltonian T x S-manifold with moment map 4>txS = 
(l)T X 4>s ■ X i* X 5* . Suppose that G t* is a regular value of (pT and let X//T = (j)^^{0)/T 
be the symplectic quotient. Then for any ax G Htxs{X) and any generic ordered bases x with 
respect to f-^ axe'^^~'^^~'^^ we have 

£^^^Ks(«xe'"--^--^^) -EqRes, (^_L_ £ a^e'^-"*-"*^^ (x), 

where Kg : Htxs{X) — > Hs{X//T) is the S-equivariant Kirwan map and vol{T) is computed 
with scalar product used for EqRes. 

Proof. The proof goes the same way as in [JKo], only the very end is different. Let y = 
{ti, . . . ,tr, si, . . . , Sq} be a generic bases such that {^1,...,^^} and {si,...,Sq} are bases of 
t* and s* , respectively. Denote , . . . , i'', , . . . , s*} C t ® s its dual bases. Introduce notations 
{t^)<" = {aiti + ... + ar+qSq G t* X s* | ci < 0}. We define similarly the sets {t^)-", {t^)-" and 
(t^)^". Since y is generic we have (^2, ■ . ■ ,tr, Si, . . . , Sq) Ci 4'txs{X'^^^) — 0. 
Let F = Cone (71, . . . , 7^) C t* be a rational simplieial cone such that 

(Fl) 7i,...,7,G (ti)<"ntj 

(F2) F intersects any wall of (f>T{X) transversally, 

(F3) (ti)<° n 0t(^^) C F, hence {t^)<" D </)txs(^^''^) C X~\^), where x : t* x s* ^ t* 
projection. 

We make symplectic cut with respect to F and let Xr- We also denote the T- and S*- moment 
maps by (px and 0s, respectively. 
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We apply Theorem 9 on Xr'- 
(37) / A(axe"-^"'^^x-'') 



Xr 



(38) + J2 



Xo 11^=1 (7j - Ks(7i)) 

1 f i5^(axe"^"'^^><^) 



<pT(F)er 



(39) + 'H^i^xe ) 



4>TiH)edr\{o} 

where A : Htxs{X) ^ HTxs{Xr) cut homomorphism. Denote the left hand side of (37) by / 
and the right hand side by Ired- Moreover, denote the sum in (38) and (39) by Iom and Inew, 
respectively. The short version of the above equality is / = Ired + loid + Ineio ■ 
Let p e int F be generic in a small neighborhood of sueh that 

(40) {p,-t') <{MF'),-t') 

for all F' C X^^^ with if)T{F') ^ 0. Denote z the ordered bases {— ti, . . . , —U, — si, . . . , — Sg}- 
Lemma 6. EqResJoid{z)eP^'^ + EqResJnew{z)eP^'^ = 0. 

Proof. Any summand of loid^'' + Inew^'' is of form with A = —4>txs{F') + p for some 

F' C X^""^ such that (t)T{F') G T \ {0}. From (40) and (Fl) follows that A e (t^)>", thus it is 
not polarized with respect to z and by Corollary 3 we have EqRes^ f|^"i(z) ~ ^' 

Lemma 7. (a) EqReSj^/red(2/)e''(^' = 0. 

(b) EqRes/oirf(2/)e''to) = ^EqRes^(/_^ axe"^-^^x^+'')(y). 

Proof. The proof goes similarly as for the previous lemma. 

(a) Any summand of Ired^'' is of form and recall that p € (i^)^° by (Fl). Hence p is 
not polarized with respect to y and from Corollary 3 follows the first part of the lemma. 

(b) If C such that {(j)T{F),e) > then its contribution '''[IIIj^^fix]'^ = TT^ 
with A = -<l>Txs{F) e (<^)<". Thus (Fl) and p e F implies that A + p e (t^)<°, which 
is not polarized with respect to y. By Corollary 3 and (F3) we get 

4>T{F)er 

□ 

Lemma 8. EqReSy/„e«,(y)e^(^) = 0. 

Proof. Denote U = T x S. Any summand of Inew is of form -n ^tt r, where A = 

-(pTxsiH) for some H = C X^""^ with 0T(i^) G dT \ {0} and e <, 7} G t* is the 

projection of jj to t* along u* for all j G J^. Recall that u* — u* ® t*. Denote a'^ and 7' the 
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polarizations of and 7^ with respect to y. We will show that A+p ^ Cone{a'i, 7j- | « S I' , j G J^) 
or equivalently 

(41) ^ 0Txs(i?) -P + Coneia'^, %\i ^ I', j e J,) 

and the lemma will follow from Corollary 2. We have p E x^^(intr), (j>Txs(H) E u* and 
X"Hiiit r) C u* + int Cone(7j I j e J^), hence 

e <t>Tycs{H) - p + < + int Co7ie(7^- | j e J^). 

Moreover, Co7ie(3-, 7j- | « € £ Jz) C u* + Cone(7j | j € Jz), hence it is enough to show that 
Conei^'j \j e Jz) n intCone(7j \j G J2) = 0. These cones are simplicial, thus enough to show 
that 7^ — — 7j- for some j £ Jz- We consider the functional r : <f>Txs{Fx) — > M, p i-> {p,t^). 
Since the intersection of the vector space u* and the convex polytope 4>TxsiFx) is transversal in 
4>Txs{H), hence <j)Txs{H) is in the interior of (j)Txs{Fx)- By (FS) and convexity of (j)Txs{Fx) all 
minimal points of r lie in intF, thus (j)TxsiH) cannot be a minimal point of T|,^y^g(F^)nr and 
since (j)Txs{Fx) n F C 4>txs{H) + Cone{'^j \j S Jz) there must be j G Jz such that {I'jit^) < 0, 
implying 7' = -7'. □ 



Lemma 9. lim EqRes^/, 



^1 Jxo 



Proof. If _D C Xq is a fixed point component, then the corresponding contribution to Ij-ed equals 
(42) 1 f i^nsiaxe^--^-^^) 



muh(Z?) 7^ e5AA(i?|Xo)n;=i(7j - i*d>^s{1j)) 



muh(i?) 7^ esM{D\Xo)Y{]^^{ij+iy - i*Dn{^j)) 



where mult(-D) is the multiplicity of D as suborbifold of Xq, -qj £ s* such that i*ijHs{lj) = 
i^K(7j) — rjj and Pki,...,kr is a rational fraction in s such that 

By Proposition 6 and (Fl) we have 

^ ^ ''^n,=i(7,W + ^.W)'^^+^ Vdct[(t.,4)]<,,,.|det(|2f)| 

where p = pi(7i + ?7i) + . . . Pr(7r + ?7r) ~ Ej=i Pj^- Let {ri, . . . , r^} be a bases of and 
{z^i, . . . , Ur} be an orthonormal bases of t*. Then by Remark 3 we have 



(44) ^det[ita,tb)]a,b ■ 



det 



det 



det 



dn 



detl^ 



vol{T)' 
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Remark that Po,...,oe-'^^(^) = Id ^"^'es^ll^lxT'^ ^ equations (42), (43) and 

(44) we have 



hm EqKes^Irediz)e 



:p{z) 



^ fei,...,fc^>0 



□ 

From Proposition 5(a) we have EqRcSy/(j/)e''*^*') = EqReSj,/(z)e''^^^ and by Lemmas 6, 7(a) 
and 8 it yields EqReSyIoid{y)e''{y) = EqRes^/rerf(-z)e''^^-'. Taking hmit as p — )■ we get 

hm ^EqRes„ ( / ajf e"^-'^^xs+-''' ) (y) = hm EqRes^/^ed(^)e'"'("^ 
s^o " \Jx J 

by Lemma 7(b), hence we arrive to 

^EqRes, (£ ..e— ^^-) (,) = £^ ..(a.e— ^^-), 
by Lemma 9 and Proposition 5(b). We use again Proposition 5(a) to get 
^EqRes. (£«.e— ^^-) (.) = ^EqRes, (£ a.e^ 

= / Ks(axe"^"'^^x^' 

Jxo 



(y) 



□ 



The abehan version of our main theorem is as foUows. 



Theorem 12. Let y = {j/i, . . . , y^+g} be an ordered bases oft* x s* such that 7r(j/i) > and 
2/2 , • ■ • , Vr+q e ker TT. Then 

(45) / Ks{ae^-^^>^n - EqRcs, f — ^ / ae^-^-^A (x), 
/j\///T \vol{T) Jj^j J 

where x is a generic bases with respect to ae^"^"^"-^ , inducing the same polarization as y on 
isotropy T x S -weights of M. 

Proof By Lemma 5(b) we have X^^-^ = Af'^^'^' l±l Mj^'^, where M, = (p-'^{e)/K. Theorem 11 
on X yields 

£ K5Ax(ae"-''-x^) -EqRes^— ^ Ax(ae"-^-'<«)^ (x) 

(46) =E^I^-^^(i-"'^^^-0^-^ 

TJ 1 f I ^Tx5/K(«e"-^">'^) ^ ^ ^ 
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where Kt-^s/k ■ Htxs{M) Hj^-^g/xi^h) C ExxsiMe)- Wc can write Xq as symplcctic cut 
with respect to the cone F = e — IR7 C t* on Mq, i.e. Xq = (Mo)r and Xq = {(p')^^{—oo, e) 1+) 
itp')~^ie)/K as set. By Lemma 5(c) and (d) wc have Xj'''^ = Af J'^'^WMg^^''^, where Mq M//T 
and Mo.e = AIo//eK = ((/3')^^(e)/iir. The Atiyah-Bott-Berhne-Vergne theorem on Xq gives 

(47) i KsAx{ae-^-xn ^ f ns{ae-^-^n+i ''"'^ , 
JXo Jmo Jmo,, esM(Mo.e\Xo) 

and combining with equation (46) we get 

K5(ae"-^-x-^) =EqRes,— ^ ( (f ae^-f^^^A {x) 
Mo vol{T) \Jm J 

^''^ + ^^^^^^^ 11 e...AA(M.|X) j 

_ /■ z;,„^A;5Ax(ae"-^^x^) 
/a/o,. esM{Mo,e\Xo) 
We conclude the proof by the following lemma. □ 

Lemma. 

Jm,.o esA/(Afo,e|Ao) i;o/(T) V/^^^ ctxsA/ (A/e|X) J 

Proof. By symplcctic cut construction of Xq we have 

(50) ilj^^KsAx{ae^-^^-^n = AiTxs/TxK(A^s(«e"-^-x«)), 

where ktxs/txk ■ HsiMo) = Htxs/t{Mo) HTxs/TxK{Mo^e)- Moreover MJ/qT and 
Mo.e = Mq//sT are naturally diffeomorphic to /i|p^(0) n ip~^{e)/T x A' and the following di- 
agram commutes 

Htxs{M) ^ Htxs/k{M,) 

^TxS/TxK 

Hs{]^Io) ^ HTxS/TxK{Mn^e) 

Thus (50) equals to K'rp^g^rp^j^{KTxs/K{'^s'^~^^^^))- Furthermore, by Lemma 4 we have 

f^TxS/TxKieTxsJ^iM,\X)) = eTxS/TxKJ^{Mo,e\Xo) = esM{Mo,e\Xo). 

Hence the statement of the lemma is equivalent to 
(51) 

1, ^--'^--^ [ erxs^M^lX) ) - ^^^^^^^ 11 erxsm-'W ) 
By Remark 2 it is enough to consider poles spanned by isotropy T x S'-weight vectors at a fixed 
point component. Thus poles of Ax(Q!e"^^^xs^ may be divided in two groups: 

(i) poles contained in kerTT, 

(ii) poles of ^^^ae"~'^^xs j^qI; jj^ kervr. 

We conclude the proof of the lemma with the following two lemmas. □ 
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Lemma 

poles V U-kcr 7r 

where v is the bases induced by x on V . 

Proof, y is a pole of ae'^~^^'^'^^ since V ^ kervr. Let H C Mj'^^ fixed point component. 
Recall if is of form F\^m,o\ for some m g M. We may suppose that V is spanned by isotropy 
T X S*- weight vectors /?i , . . . , /3r at i7 . Since V = {j3i, . . . , f3r) ^ ker tt we may also suppose that 
f^i = 0oil) e t* X s* and /3i = Qmim) where 77^ S (t © s)*„ for aU i = 2, . . . , r. Let U C T x S 
be the subtorus such that Lie{U) = n[^2kcr?7i C i®s. Let Y C M*^ be the fixed component 
containing F^. Recall that /iTxs(i^m) = fJ-TxsiH) + {goil)) and y'^'^'S' ^ since (/sjy is proper 
and bounded below. Hence the supporting affine plane of fJ.Txs{Y) is equal to 

MTxs(i?) + (£'o(7),'72, • • ■,Vr) = t-l-rxsiY^"^^) + {Qo{i) , Qm{m) , ■ ■ ■,Qm{Vr)) = ^J■Txs(H) + V, 

because /3i = QmiVi) equals ?/; modulo (go (7))- By Lemma 5(a) if 

M {tiTxsiH) + V)n{{0}x5*) 

then 7r(p) < e ^ T!-{^TxsiH)), i.e. ^^{^J.Txs{H) ~ p) > 0, therefore ^txs(^^) G 1^ is polarized. 
Hence 

-^J■Txs{H) = aiVi + . . . + UrVr - P 

with p G s* and ai < since v is generic. Thus 

JKRes„ — -7— (t — . ^ — (w,s) = 0. 



□ 



Lemma. 



poles VCkcr TT 



^Tx5/;f(ae"-^^x^) 



Proof. We decompose t* x s* = (^0(7)) © ((t® hence we have 

eTxS^fiM,\X) = -goh) + eTxs/K^f{M,\X). 

Moreover, on only T x S/K acts effectively, hence Htxs^M;.) = H^xs/KiMe) ® Hxipt). We 
expand fractions with respect to v <C f?o(7) and u <C s, hence considering £10(7) as non-zero real 
parameter then fj^^ '^^ers^iM \x) — well-defined as integral of cquivariant cohomology class 
in Hrpy^g^j^[M^). Finally, the lemma follows from Theorem 11 (considering £10(7) as non-zero 
real parameter.) □ 
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4.2. Non-abelian version. We deduce the non-abelian version of Theorem 12 following closely 
[Ma2]. We adapt their technique to the equivariant setting which are carried out in Lemma 10 
and 11. In this subsection we use a different notational system for Kirwan maps as before. 

Suppose that e g* is a regular value of fiT : M t* , hence it is also a regular value of 
(f>T : X — > 1*. Denote 0* = ker(g* i*). Choice of positive roots fixes the orientation of and 
0* such that 



where the sum is over the negative roots and C(^) is the one-dimensional representation of T 
on which it acts by weight /?. The restriction of 0g to 0y^(O) defines an T x S'-equivariant 
map a' : 0^^(O) — > 0* {S acts trivially on D*) which induces an S'-equivariant section a of the 
associated bundle E~ := {X x X>*)//T — >• X//T. e 0* is regular value of 0g is equivalent to 
(T being a section transverse to the zero section. Denote Z :— ^^^(O) C X, hence Z/T is a 
submanifold of X//T . Consider the following diagram 



The vertical subbundle kerdTr of T{Z/T) is isomorphic to E+\z/t, where = {X x V)//T. 
Denote k'j, : Htxs(X) Hs{X//T) and k'^ : Hgxs{X) Hs{X//G) the abclian and non- 
abelian Kirwan maps. For a G Hgxs{X) ~ Htxs{X)^ we compute 



Z/T^ 



XIIT 



TT 



ZIG = XIIG 




by Lemma 10 



by Lemma 11 



G 



■T 



where w is the product of all roots. 

Recall that by symplectic cut with respect to on MUT and MUG we have 




and 
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where : Htxs{M) ^ HT,,s/TxK{Me//T) and k'^^^ : Hgxs{M) ^ HG^s/GxK{Me//G) 

are the Kirwan maps. Thus 

1 f K^^_^(aro) 



/m//t ' ' \W\Jx//T ' ' ' \W\JMj/TesM{A'h//T\X/lT) 



JXIIG JM 



X//G Jm,//G 

esN{M,//T\X//T) 

KG{a). 



M//G 

If is not a regular value of /it then choose a regular value p close 0. As observed in [Ma2] we 
have 

Jx//G s-iQ\W\ Jx//,,T 

and similarly we have 

/ KG(ae'^"'"=><^) lira / KT(ae"-^^>^^ro). 
Jm//g s^O\W\ Jm//,,T 

We change notation of the Kirwan map to Kg : Hgxs{M) — > Hs{M//G) to make the 
statement of our main result compatible with Theorem 12. 

Theorem 13. Let y ~ {i/i, . . . , y^+g} be an ordered bases of i* x s* such that 7r(yi) > and 
2/2, ■ ■ • , Ur+q e kcr TT. Then 

(52) / Ksiae'^-'^ox^ - lim EqRes, f ,^^,,"^..^. / ae'^-^-x^+A (x), 

where x is a generic bases with respect to §j^^ ae^^^^'^xs ^ inducing the same polarization as y on 
isotropy T x S -weights of M and p is a regular value of pr close to 0. 

We conclude this subsection by proving the following lemmas. 

Lemma 10. 

'^g(") = TT77T / 7r*Kg(a)es(kerd7r). 



z/G 1^1 Jz/T 

Proof TT : Z/T Z/G is fibration with fiber G/T and tt is 5'-equivariant. For H C {Z/G)^ fixed 
point component we have tt^^{H) = F (Z (Z/T)^ is also a fixed point component. Moreover, 
we have S-equivariant isomorphism of normal bundles Af{F\Z/T) ~ tt* M {H\Z / G) . Finally, we 
compute 



J z/G HC(Z/G)^^ 



H esN{H\Z/G) 



1 ^-v f ipir* K'(i^{a)e{'kcT dn) 



\^Kcf^T)sJ^ ^s^*^iH\Z/G) 
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1 f i*pTT* KQ{a)es{kcT dn) 



IZjT 

□ 

Lemma 11. Let E X be an S-equivariant vector bundle over a compact space X. Let a be 
an S-equivariant section, transverse to the zero section. Denote Z ~ a~^{0) the zero set of the 
section and iz '■ Z ^ X the inclusion. For any 77 G Hs{X) we have 

i*zV= / ries{E). 
Jx 

Proof. Let F C X'' and H d F f] Z d Z'^ he fixed point components. Denote ip : F ^ X, 
in ■ H ^ Z, and j : H ^ F the inclusions. By trans versality of a we liave equivariant 
isomorpliism of vector bundles 

(53) E\z-M{Z\X) 

We have equivariant decomposition E\f — {E\pY ® E' , hence E\h — {E\h)^ ® E'\h. Moreover, 
by (53) 

(54) N{Z\X)\HC^{E\Hf ®E'\h 
The inclusions H C Z C X gives 

(55) JV{H\X) c:iU{H\Z)®U{Z\X)\H, 
moreover the inclusions H C F C X yields 

(56) N'iH\X)~MiH\F)(BN'iF\X)\H, 
and finally we also have a decomposition 

(57) U{H\X) c:ijV{H\X)'^ ®U{H\Xy. 
Since N{H\F) ~ N{H\X)^ by equations (56) and (57) we have 

(58) M{F\X)\HC^M{H\Xy, 
and equations (54), (55) and (57) give 

(59) NiH\Xy ^N{H\Z)®E'\h. 
The isomorphisms (58) and (59) implies 
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Finally, wc compute 



HCZ^ 



L 



esM{H\Z) 




f {i*HV)res{E') 
'h j*es^fiF\X) 



by (60) 




esMiF\X) 



by ordinary Poincare duality 




r (»>77)es(ig|f) 
V esAf{F\X) 



I r,es{E). 



Jx 



□ 



4.3. HyperKahler version. We formulate an analogue of Theorem 13 for hyperKaliler quo- 
tients. First we compare torus hyperKahler quotients to symplectic quotients then by [HP2] we 
conclude the formula for general hyperKahler quotients. 

Let M be a hyperKahler manifold with real symplectic form wr and complex symplectic form 
uic- Let M admit an action of a compact Lie group G which acts on it in a hyper- Hamiltonian 
manner with hyperKahler moment map = (/iK,/xc) ; M — > g* ® g^. Wc also consider an 
additional Hamiltonian S-action on (M, cjr) which commutes with the G-action and its moment 
map is denoted by /is : Af — > s*. We assume that is a G x S'-representation (coadjoint 
action for G) and /ic is G x 5-equivariant. We also need that for a maximal torus T C G with 
Lie algebra t we have (t^)'^ = {0}. Similarly to the symplectic case we suppose that there is 
an one dimensional subtorus K in the center of G x S* with moment map /i/^ : (M, wr) — > t* 
such that ~ where 7 S t J and lyS : A/ — > M is proper and bounded below. Finally, let 
(C, 0) G (0* ffi flc)*^ ^ regular value of fi. 

First we discuss the abelian case, therefore let G ~T. As before we construct X as symplectic 
cut of M with respect to (p. Denote by ^txS : X — >■ t* x s* the T x iS-moment map induced by 
Mr X and by V' : ^ ic the equivariant map induced by /ic • Suppose that ^ is a regular value 
of /iR, hence it is also a regular value of 4>t- Let 1/' '■ ^11 {E — > the S'-equivariant map induced 
by V and denote i : Z XjKT the inclusion where Z := ■0"^(O). We have Z^ = (X//{rY by 
(tc)"^ = {0} and remark that Z xil^cri N{Z\X//(r). For a' G HrxsiX) we compute 





FCZS 



I 
I 





FdZS 



f i*p>i'j^{a')es{Z X t^) 
V esmF\XhT) 
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X/UT 

where 'd is the product of S'-weight on and remark that k'j, : Htxs{X) ^ Hs{X//cT) is 
H s{pt)-Vmem: . As before for a £ HTy.s{M) we have 



KT(a) = / i*zK'rpAx{a) - 



*znM,//(=T'*Tx_ft:(Q^) 
znMj/,T esM{Z n M,/UT \ Z) 



4(Ax(a)^) - ^^^^^^^ e.AA(Mj/,T | X/UT) 

where K^^x/f ■ Htxs{M) — >■ Hxy^g^j^y^x{M^//^T). If ^ is not a regular value of then we 
perturb ^ to a regular value and we take the limit. Let p G t* be in a small neighborhood of 
such that ^ + p is a regular value of /ik- Then 

® Kxia) = lim ® Kxicfd). 

The general case can be deduced as follows. We introduce notation p^ : M i* for the 
abelian real moment map, it is the composition of /iR with the projection q* — > i*. Suppose that 
^ is a regular value of /ig : 7\/ — !■ t* the abelian real moment map, otherwise we perturb ^ to a 
regular value of /ij^. Then by Theorem 2.2 of [HP2] we have the following relation 

= 77J77 / UTiaw^voc) = S Kt {a l} Wr Wc) , 

M/#(5.o)G \^\ Jm////^^_o)T \W\Jm//^T 

where is the product of S*- weight on t^, tUR = tu is the product of roots of G and voc is the 
product of Tx S'-weights on 0^ = ker(gj; -^■ ty. To make the notations compatible with Theorem 
13 we change notation of the Kirwan map from kq to ks : Hcxs{M) — s- Hs{M//// (^^ q-jG) 

Theorem 14. Let y ~ . . . , y^+g} be an ordered bases oft* x s* such that 7r(yi) > and 
2/2, • ■ ■,yr+q e kcrTT. Then 

(61) / Ks{ae'^'-'"-'''+^)^\imEqResJ-^;^^^ i ae'^'-^^-^^+^+'p']{x), 

Jj^^////(i,o)G \\W\vol{T) Jm } 

where x is a generic bases with respect to ae"'*"^^ inducing the same polarization as 

y on isotropy T x S -weights of M , w is the product of roots, "dvo is the product of T x S -weights 
on Qf., and p G t* small such that ^ -\- p is a regular value of /ij^. 

5. Applications 

5.1. Cohomology ring of Hilbert scheme of points in the plane. As an application of 
Theorem 14 we compute the (equivariant) cohomology ring of Hilb"(C^) the Hilbert scheme of 
point on the plane (cf. [LS], [Va]) using the construction of [Na] to get Hilb"(C^) as a hyperKahler 
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quotient. To compute the resulting residue we develop a language of diagrams which make the 
computation more intuitive. 

Consider A = End(C") ffi Hom(C,C") with U{n) action given by 

g-{A,a)^{g-^Ag,g-^a), geU{n), A G End(C"), aeHom(C,C"). 

= T*^ is a hyperKahler manifold with natural f7(n)-action 

g- {A,a,B,b) = {g^^ Ag, g^^a, g^^ Bg,bg), 

where A, B e End(C"), a € Hom(C,C") and b e Hom(C",C). This action is hyperHamiltonian 
with real and complex moment maps 

urn : (7W,wr) ^u(n)*, (A,a,B,fe) ^ ^^{[A, A*] + [B, B*] + aa* - b*b), 
fic ■■ {M,ujc) uinYc, {A,a,B,b) i-^ [A,B] + ab, 

where we used identification u(n)* ~ u(n). Let ^ = ^^^In- Then (^,0) is a regular value of 
^J■ = (mk, Mc) and we have 

We remark that ^ is a regular value of fi^ and 0) is a regular value of fi^ — (/ig, /i^), where 
(A, a, B, b)k = ^ [AkjAuj - A^kAjk + BkjBkj - BjkBjk) + afcOfc - bkbi^ . 

3 = 1 

is the real abelian moment map and /j,^ : (A^,wc) — >■ t^, 

n 

/ic a, B, b)k = ^ AkjBjk + aubk- 

Hence the abelian symplectic and hyperKahler quotients M// (T and M ////{^fi}T exist. The latter 
is a hypertoric variety (cf. [HPl]). 

We consider an auxiliary circle action oi S = U{1) on Ai given by 

s ■ {A, a, B, b) = {s'^A, s^a, sB, sb), {N > n). 

It commutes with the J7(n)-action and it admits moment map (p : (A^jOJr) — > M, 

ip{A, a, B, b) = ^^^^Tv{NAA* + BB* + Na*a + bb*), 

which is proper and bounded below. 

The Chern classes of the vector bundle S„ = x 'C'^ //// (^xi^lJ {n) - where U{n) acts on C" via 
standard representation - generate the cohomology ring iJ(Hilb"(C")) [ES]. This is equivalent 
to the surjectivity of the Kirwan map k, : iJ[/(„)(A^) iJ(Hilb" (C^)). 

Lemma (cf. [HPl] Lemma 4.9). The equivariant Kirwan map ks : Hu{n)xs{-^) ~^ -ff5(Hilb"'(C^)) 
is also surjective. 
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Proof. Since the S*- moment map is proper and bounded below i75(Hilb"(C^)) is equivariantly 
formal, i.e. i?s(Hilb"(C2)) ~ H (mih'^C^)) (g) Hsipt) as Hs{pt)-modules ([HPl], [TW]). Recall 
that Hsipt) ~ M[cr] and Hu(n){pt) ^ M[ti, . . . ,t„]-5", hence Hu{n)iM) ~ E[ri, . . . , r„]-5" and 
Hu{n}xs{^) — ■ • ■ TTn,(T]^". Moreovcr, we have the following commutative diagram 

Iluin)xs{M) i/s(Hilb"(C2)) 



Huin){M) ^ i/(Hilb"(C2)) 

Consider the grading H = ®k>Q'H'' on Hij(n)y.s{M) corresponding to ®fc>o-H'''(Hilb"'(C^)) ® 
Hs{pt). Recall that ks is Hs{pt) linear, hence "H" is in the image of K5. Let Pk G 'H'' ■ By 
surjectivity of the ordinary Kirwan map there is G Hij(^n){M^) such that 

K(afc) = 7r(/3fe). 

We may consider ak as an element of i^t/(n)xs(-^) and we have Ks{ak) — Pk G kerTr. Moreover, 
kerTT = cr • i?s (Hilb"(C2)), thus 

for some /3fc_i G Hk-i- By inductive hypothesis there is afc_i such that Ks{ak-i) — Pk-i, hence 

I3k = Ksio-k - UUk-l). 

□ 

By surjectivity of K5 we have i?5(Hilb"(C^)) ~ M[(T, ti, . . . , t„]^"/ ker K5 and by formality 

iJ(Hilb"(C2)) ~ iJs(Hilb"(C2))/aiJs(Hilb"(C2)) 

as rings. There is a non-degenerate pairing ([HP2]) on #s(Hilb"(C2)) := iJs(Hilb" (C2))®M[l/CT] 
given by 

7) / ?y7, V?7, 7 e i75(Hilb"(C2)). 

JHilb"(C") 

Therefore, 77 € _ff5(Hilb"(C^)) is zero exactly when 



/ 777 = 0, V7 € i7s(Hilb"(C2)). 

JHilb"(C2) 

of K5 we have 

kerKs = (a e Hu(n)xs{M) i Ks{af3) = 0, e i?c/(n)xs(-M)|- 

JHilb"(C2) 

We use Theorem 14 to compute this kernel. 

Theorem 15. For any a e Hu(^n^^g{A4) ~ IR[(t, ti, . . . , t„]'^" we have 

/Hiib"(C2) "o/(T) \ Na J 

where b\{a) is defined in (70) and p\ is defined (up to reorder) as follows. Into each box of the 
Young diagram of X we write an element of 'La according to the next algorithm: we start with the 



'Hilb"(C2) 

Hence, by the surjectivity of K5 we have 
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bottom left box and we write —a into it; if a box is filled with qa then we fill the upper neighbor 
with {q — N)a and the right neighbor with {q — l)a. We put all entries from the boxes into the 
vector p\. 

Lemma 12. Let K be a field and let {gi,...,g„i} C K", qi ^ qj if i ^ j. Define C : 
K[a;i, . . . ,Xn] — > M, P h- > X^I^li ^.tPi^i); where Oi £ K*. Then 

{P e K[xi, xn] I CiPQ) = 0, VQ} = nr^i kcr(e«,J = n^^i {x, - q,, | j = 1, . . . , n), 

where qi = (ga, • • ■ , (7™)- 

Proof Obviously, nfli kcr{evq,) C {P £ K[xi, . . . ,a;„] | C{PQ) = 0, VQ}. Consider the polyno- 
mial 

n m 

= n n ^ 

fe=i i=i 

Then Q,(gj) = if 7^ i and Q,((?,;) 7^ 0. If P G {F G K[a:i, . . . , x„] | = 0, VQ} then for 

aU i we have C{PQi) = aiP{qi)Qi{qi) = 0, hence P{qi) = 0. Thus P £ ker(ewg.). □ 

From Theorem 15 and Lemma 12 follows 

Theorem 16. Denote Ci{T) the ith elementary symmetric polynomial in ti, . . . ,t„ and let 

Ix^{C,{T)-a{px)\i = l,...,n), 

where A h n. Then 

Hs{m\W\C^)) ~ R[C\{t), C„{t), a]/ Hah™ h- 
Proof of Theorem 15. For a £ R[a,Ti, . . . ,Tn]^" we have 

/ Ks{a) = lim / Ks(ae'^('^«-^«+«"'^'")) = 

^Hilb''(C2) <^->-0+ JHilb"(C2) 

e ^ — 

a{a,T)iiN + l)a)" Jl (r. - T,)((iV + l)a + r, - T,)e^=i ~ 

l<»#j<n _ 

71 

7V"cr2" n + n - rj)iNa + t, - r,-) Jl (^^ + T-fc)(iVcr - u-) 
a(cr,r) n (r, -rj)((A^ + l)(7 + T, -TjOe'-i ' 

l<?7^j<n 

n (O- + r,; - Tj-)(iVc7 + T, - Tj) fl {<J + Tk){N a - Tk) 
l<i^j<n k=l 

by Theorem 14 for A4 //// {^,Q)U{n). Remark that since generic we may use the polarizing 

bases {cr, r} for calculating the equivariant Jcffrcy-Kirwan residue. We choose scalar product on 
t* such that r is an orthonormal bases. 



e-j-o+ n! vol{l j ^ ' ' 



1 fN+l\ 
lim — j — - — — — EqReSf 
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Let A = {Ncr — ti, ct + r^, (t + — Tj, Na + Ti — Tj\l<i^j< n}. Let be a hyperplane in 
t* © s* spanned by some of elements of A such that V projects bijectively to t*, i.e. y is a pole 

°^ n {n-T,){{N + l)<j + n^T,) 

^r-^) = n • 

n {<y + n- Tj){Na + n~ r,-) n + rk){.Na - t^) 

l<i5<4j"<n fe=l 

Consider the system of equation a = for all a € Ay = {a G .4 | a G V} in ti, . . . , t„ unknowns 
and a parameter. It has a unique solution of form Ti = pia, i = I, . . . ,n, and 

F = (ti - picr, . . . , T„ - p„cr) . 

Denote pv = (pic, . . . ,pncr). We say that a pole V does not contribute if 

JKRes^a(T(u, cr), ct)F(t(v, ct), (T)e '=i rfw = 
for all a G ]R[(t, ti, . . . , t„]"^" and where u is the bases on V induced by {a, ri, . . . , t„}. Recall 



that V does not contribute if ^ X]r=i ^ P'^t* {Cone{a \ a G Av)), where pr^, : t* s* -^5* 
the projection. 



IS 



Lemma 13. A pole V does not contribute (or exists) if any of the following holds: 

(1) there exist i such that there is no a £ Av with positive Ti- coefficient, i.e. a + Ti, a + Ti — 
Tj, Na + Ti — Tj ^ Av for all j . 

(2) pk = m with m > for some k, 

(3) Na — Ti <E Av for some i, 

(4) a + Ti, ea + n — Tj G Av for some i ^ j {e G {1, N}), 

(5) a + Ti — Tj, Na + t; — tj G Av for some i ^ j, 

(6) ea + Ti — Tj, e'a + Tj — Ti £ Av for some i ^ j {e, e' G {1, A^}), 

(7) a + Ti ^ Av for all i. 

Proof. (1) If i X]r=i ^ pr^. (Cone(a | a G Ay)) then for all i there must be an a G Ay 
with positive Ti coefficient. 

(2) Let M be an index such that pM is maximal, hence > 0. Then ea + tm — ti ^ Ay 
{e G {1, N}) for all I since it would imply that pi = pm+£ > Pm- Moreover, a+TM ^ Ay 
since it would imply that pM = — 1 < 0. Therefore, Ay does not contain element with 
positive Tm coefficient. 

(3) It is equivalent that pi ^ N > 0. 

(4) It follows that Pi = —1 and Pj = e — 1 > 0. 

(5) {N — l)a = {Na + Ti — Tj) — (<t + Ti — Tj) G V, hence if n > 2 then a E V which implies 
that V is not a pole. 

(6) Similar to the previous one. 

(7) By (3) we can suppose that Ay contains only elements of form ecr + — Tj (e G {1, N}), 
but these are perpendicular to X]"=i with respect to the usual Euclidean scalar product 
on t* ®s*, hence Y.7=i^i ^ pii,{Cone{a \ ae Ay)). 

□ 
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Lemma 14. Let V be a pole. We cannot decompose {0, 1, . . . , n} = A^' 1+1 N'' as disjoint union 
of two non-empty subsets with properties: 

• if Na - e Av or a + n e Av then 0,i <E N' orO,i<E N" . 

• if ea + T, - r.j e Ay (e € {l,iV}) then i,j £ N' or i,j e N" . 

Proof. Suppose that £ N' . The decomposition {0, 1, . . . , n} = N'\+iN" induces a decomposition 
Av = Ay W Ay according to an element a e Av involving terms we have i € N' oi i G N" . 
Remark that Ay may contain only elements of form ea + Ti — tj. Moreover, elements of prj,^y 
cannot span t*. Therefore, Ay ^ 0. 

We will show that A!y = which implies that N" = 0. The elements pr^.^y span a subpace 
V of {Ti \ i £ N'\ {0}) with dimension at most |iV'| — 1. The elements \)v^,A!y span a subspace 
V" of {t, \ i £ N"). If N" ^ then the dimension of V" is at most |A^"| - 1 because all 
elements of pr^.^y are perpendicular to X^ieJV" Finally, if N" ^ then V n V" = {0} and 
dim V + dim V" < | A^'| — 1 + | A^"| — 1 = n — 1 which leads to contradiction since \^ is a pole. □ 

To each pole V we associate an oriented graph Ty with vertices {0, 1, . . . The vertices 
will lie on the lattice Z x NZ. We allow that two vertex lie on same lattice point. The vertex 
is always on the lattice point (0, 0). The edges of Ty correspond to elements of Ay as follows. 



a e Av 


edges of Ty 


Na + Ti- Tj 


vertical edge from j 


to i 


Ncr-n 


vertical edge from i 


to 


a + T^- Tj 


horizontal edge from 


i to i 


0- + Tj 


horizontal edge from 


to i 



The vertical and horizontal edges go as (a, bN) — > (a, {b+l)N) and (a, b) — ?> (a+1, 6), respectively. 
We construct Ty inductively as follows. Choose a bases {ai, . . . , a„} of Av- We may suppose 
that ai = cr + Ti or ax = Na — n. We place first the vertex to (0,0). Suppose that we have 
already placed some vertices on the lattice. In a turn, we place all other vertices which can 
be connected to already placed vertices following the rules in the above table for bases vectors. 
Finally, we can place all vertices by Lemma 14 and the edges corresponding to bases vectors 
form a tree (i.e. no loop). The shortest oriented edge path (ei, . . . , e™) on this tree from to i 
gives relation 

ni 

n - Pi(T = ^ OjUk^ , 

where is the bases vector corresponding to the edge Cj and Oj = ±1 depending on if the 
orientation of the edge Cj agrees with our walking direction on the path or no. Since m < n we 
get 

p^^ a + bN 

with —n < a + b < n. Thus pi determines the coordinates of the vertex i on the lattice: the 
vertex i has coordinates (—a, —bN) where a = pi mod N. Remark that the vertex i is on the 
line X + y + Pi = 0. Moreover, the coordinates of the vertices does not depend on the choice 
of the bases {ai, . . . , implying that for any a S Av we can draw an edge according to the 
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above table. Remark that, if vertices i and j lie on the same lattice point and there is an edge 
i k (or k ^ i) then there exists also an edge from j k (or k j respectively). Hence 
drawing edges will not lead to confusion if vertices lie on the same lattice point. 

Remark. The graph Fy is full in the sense that if there is a vertex i at coordinates (a, 6) and 
another vertex j at coordinates (a + 1, b) ((a, b + N) respectively) then there must be an edge 
* ^ j if J 7^ (t 7^ 0; respectively). 

We rephrase the Lemma 13 for graphs. 

Corollary 4. The pole V does not contribute (or does not exist) if any of the following holds. 

(1) There are multiple edges between two vertices. 

(2) There is an edge with target vertex 0. 

(3) There is a vertex i ^ which has no tail. A tail of i is an edge k ^ i. 

(4) There is a vertex i ^ in the region {x < 0}, i.e i has coordinates (a, 6) with a < 0. 

(5) There is a vertex i in the region {y < 0}, i.e. i has coordinates (a, 6) with b <0. 

Proof (1) By Lemma 13 (5). 

(2) By Lemma 13 (3) 

(3) By Lemma 13 (1) 

(4) Suppose that there is a vertex i 7^ in the region {a; < 0}. Then let /c 7^ be a vertex in 
{x < 0} lying on the line x + y + m = with m maximal. Hence k has no tail. Indeed, if 
there is an edge I — )• k then I is in {x < 0}. Moreover, I ^ since there is only horizontal 
arrow from 0. But I is on the line x + y + m + l = Oiil^kis horizontal and it is on 
the line a; + y + TO + A^ = Oif/^/cis vertical, leading to contradiction with maximality 
of m. 

(5) Let A: be a vertex in {y < 0} lying on the line x + y + m = with m maximal. Then k 
has no tail. Indeed, suppose that there is a edge I k. Then I is in the region {y < 0} 
and it is on the line x + y + m + I ~ Oif^ — > k is horizontal and it is on the line 
X + y + in + N — if I ^ k is vertical contradicting to the maximality of m. 

□ 

Set F^^r to F. If Fy contains a subgraphs 
(62) k 



^ » J 

then we have partial fraction decomposition 

(63) Fr^, = + + ^ ^ 1 ^ G^^. 

{a + Tj - Ti){Na- + Tk - Tj) Na + Tk-Tj a + Tj - n 

Let r'y (respectively Fy ) be the extended graph obtained from Fy by removing the edge i — > j 
(respectively j — k) and adding the dashed diagonal edge i k. To each dashed diagonal 
edge i --^ k we associate the term (A^ + 1)(t + — in the nominator of -Ftv Denote Fy and 
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r'y the graphs obtained from T'y and Fy, respectively by forgetting the dashed diagonal edges. 
Moreover, to extended graphs T'y and Ty we associate fractions 

1 , „ „ 1 



and Fp„ = G- 



Then i<p, (and F^,, ) ean be obtained from Fy^ by removing from the nominator and denominator 
the terms corresponding to the added dashed edges and removed normal edges, respectively. In 
picture the relation (63) looks like 



(64) 



k 



^ i 



■ J 



^ i 



We have a similar decomposition corresponding to 



(65) 



k 



^ i 



namely. 



Fr 



G 



{{N + l)a + Tk - n) 
{a + Tk- Ti){Na + Ti- Ti) 



G- 



Tk - n 



G- 



1 



N(7 + T( — Ti 



We can continue these type of decomposition for Fp, and F^,, to get a partial fraction decom- 
position of form 



where T is an extended graph such that T is a subgraph of Ty and obtained from T by forgetting 
all dashed diagonal edges. The fraction F^^ is encoded by T as follows: we remove all linear terms 
from the nominator and denominator of Fy^- corresponding to added dashed diagonal edges and 
removed normal edges, respectively. Remark that if T contains the subgraph 

k 



7^ i 



3 



then we cannot decompose Fy to G" j^^-pi— -p- + G'^-p^^— ^ (according to the picture (64)) since 
{N + 1)(7 + Tfe — Ti is missing from the nominator of F^. An analog statement holds for the 
decomposition (65). 

Similarly as Corollary 4 (3) we have 

Lemma 15. For all a G M[fT, ti, . . . , Tn]'^" we have 



JKReSt,a(r(u, a)^a)F^ f), cr)e '=i 
if in T there is a vertex i ^ without tail. 



dv^O 
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Lemma 16. (1) Suppose that Ty contains the subgraph (62). If there is no vertex I such 
that Ty contains the subgraph I ^ k then V does not contribute. 



^ i 5 

(2) Suppose that Ty contains the subgraph I 



k . If there is no vertex j such that Ty 



k then V does not contribute. 



contains the subgraph I 



^ i J 

(3) // there are multiple vertices on the same lattice point. 

Proof. (1) By decomposition (64) we have Fr^, = Fp/ + Fp// . If there is no horizontal edge 
I — >■ k then k has no tail in Ty, hence 

(66) JKReSua(T(t;, cr), (T)Fri, (t(u, cr), CT)e '=i dv 

= JKRcSi, a (r(v, (t), (T)i^p, (r(u, cr), cr)e '=i dv 

Since j has no horizontal tail in Ty, the right hand side of (66) vanishes unless there is 
a vertical tail ji — >■ j. If ji has no tail then (66) still vanishes. If it has a horizontal tail 
by a similar decomposition and argument we can get rid of it. So is it safe to suppose 
that it may have only vertical tail. But j may have only finitely many vertices below it, 
hence the last one has no vertical tail and (66) anyhow vanishes. 

If ^ A; horizontal edge exists then the existences of z — > Z follows from 

Na + n- T, = {Na + - t,) - (ct + - n) + {a + T-j - n) e V. 

(2) The proof is similar to the previous case. 

(3) Suppose that there are two vertices i and j on the same lattice point (a, &). We may 
suppose that there are no more double vertices on lattice points (a, b) + Z<o x Z<o. 

If there are only vertical or horizontal tail to i (and therefore to j, too) then by 
decomposition 



(67) F^G 



or 



(ecr + Ti- Tk){e(7 + Tj - Tk, 



F = G- 



= -G- 



1 



£cr + Tj - Tfe 



G- 



1 



= -G- 



1 



+ G 



ea + Tj - Tk ' 
1 



£€ {1,7V} 



(a + Ti){(J + Tj) Cr + Ti Cr + Tj 

we get two graphs in which i or j has no tail. By Lemma 15 the pole V does not 
contribute. 

Suppose that i (and therefore j) has both vertical and horizontal tails. By Corollary 
4 (4) and (5) we can suppose that a ^ 1 and 6 7^ 0. By decomposition (67) we get 
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F = G 



in - Tj){tj - n) 

{a + Ti- Tl){(J + Tj - Tl){N(J + Ti - Tk){Na + T.J - Tk) 

1 „ 1 



In picture 



G- 



(ct + Tj - Ti){Na + Tj - Tk) {a + Ti- Ti){Na + tj - Tk) 
1 „ 1 



-G- 



(cr + Tj - Ti){Na + Ti- Tk) (cr + Tj - Ti){Na + Tj - Tk) 



k 



+ 
k 



j + 



—^hj I -^hj 

3 3 



k k 



(the labels on the edges indicate the target of the edge). On the first and last graphs 
on the right hand side i and respectively j have no tails, so they do not contribute. By 
symmetry consider only the second graph on the right hand side. Suppose that I has a 
vertical tail h ^ I. By decomposition (65) we get 



I 



I 



3 + 



and on the last graph i does not have a tail (a non-dashed edge). Iterating the same 
argument we may assume that all vertices in the row of I have only horizontal tail. Since 
b ^ 0, the last vertex in that row will not have tail. Therefore V docs not contribute. 

□ 



Lets summarize what we showed so far. A pole V does not contribute unless 

• there are no double vertices, i.e. two vertex on the same lattice point, 

• there are no double edges, i.e. two edges between two vertex, 

• the vertices {1, . . . , n} are in the quadrant Z>o x Z>o, 

• every vertex {1, . . . , n} has a tail, 

• all lattice points in {{x, y) G Z>o x N1j>q \ x < a, y < b} carry a vertex if (a, b) carries 
a vertex (follows from Lemma 16). 

For such a pole if we draw a box around each non-zero vertex we get a Young diagram, labeled 
by {1, . . . ,n}. Conversely, for any Young diagram such that each box contains in the center 
a unique lattice point in Z>o x iVZ>o and it is labeled by 1, . . . ,n, we can associate a pole 
V = (ri — pi(T, . . . , T„ — p„(t) with pi = — (a^ + Nbi) if the box labeled by i contains the lattice 
point (oi, Nbi). 
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Let y be a pole obtained from a labeled Young diagram D. We can decompose F = Fr^- to 
partial fractions with the following algorithm. Take the top- and leftmost subgraph 

I ^ k 



and apply the decomposition corresponding to the picture (65): Fr^ = -Fp/ + F^,, , where T'y 

(respectively Ty) is the graph obtained from Ty by removing the edge / — > k (respectively i I) 
and adding the dashed diagonal edge i ---> k. Remark that in Ty the vertex I has no tail. Hence 
(66) holds. We continue the algorithm as above with T'y in place of Ty- Finally, we get that 

(68) JKRcSt,a(T(u, a), (T)Frj/ (t(u, (t), cr)e '=i dv 

= JKReSva{T{v,a),a)Ff{T{v,a),(T)e dv, 

where T is the extended graph obtained from Fy by removing all horizontal edges except the ones 
in the bottom row and by adding dashed diagonal edges under each horizontal edge removed. 
The graph T has exactly n edges (non-dashed edges), thus in the denominator Fj. has exactly n 
linear term which are in V . They form a bases of V , since each t; appears with positive coefficient 
in a unique linear term. It also follows that V contributes and (68) equals 



(69) ^_,^rr.x (^iPv,cr)bf{pv,<y)e 



1 -hT.p.'^ 

voUT)' 

where is obtained from F^ by removing all linear terms in V from the denominator. Remark 
that by permuting labels of D we act freely on the set of poles, but h^[pv , c) remains invariant, 
therefore we denote it by 

(70) hx{<j), 

where A is the partition corresponding to the Young diagram D. Moreover, for all poles V 
obtained from the same Young diagram D but with different labeling (69) yields the same result, 
since a is symmetric in ti , . . . , r„ . Finally, 

/ urr\ [ ^m ] y^a{px,(T)bx{(T). 

□ 
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